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Abstract 

A group theoretical procedure, introduced earlier in ||, to decompose bilo- 
cal light -ray operators into (harmonic) operators of definite twist is applied 
to the case of arbitrary 2nd rank tensors. As a generic example the bilo- 
cal gluon operator is considered which gets contributions of twist-2 up to 
twist-6 from four different symmetry classes characterized by correspond- 
ing Young tableaux; also the twist decomposition of the related vector and 
scalar operators is considered. In addition, we extend these results to var- 
ious trilocal light-ray operators, like the Shuryak-Vainshtein, the three- 
gluon and the four-quark operators, which are required for the consider- 
ation of higher-twist distribution amplitudes. The present results rely on 
the knowledge of harmonic tensor polynomials of any order n which have 
been determined up to the case of 2nd rank symmetric tensor for arbitrary 
space-time dimension. 
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1 Introduction 



Any careful quantum field theoretical analysis of the experimental data for the dif- 
ferent light-cone dominated QCD-processes (for recent experiments and analyses, 
see J!], 0]) necessarily requires a rigorous twist decomposition of the various non- 
local light-ray operators appearing in the theoretical set up of these processes. 
The matrix elements of these special operators are related to the distribution 
amplitudes (or the hadronic wave functions) being necessary for the phenomeno- 
logical description of the above mentioned processes. Moreover, their anomalous 
dimensions determine the Q 2 -evolution of the distribution amplitudes. 

The notion of twist has been originally introduced for local operators by Gross 
and Treiman as a geometric quantity, twist r = (canonical) dimension d-spin 
j, which is directly related to the irreducible representations of the Lorentz group.Q 
The twist decomposition of the local operators of some well-defined tensor struc- 
ture corresponds directly to their decomposition into irreducible tensor representa- 
tions of the Lorentz group. These representations are uniquely (up to equivalence) 
determined by their symmetry classes, i.e., Young frames, and by the (anti)- 
symmetrization defined by corresponding Young operators, i.e., specific Young 
tableaux. 

In the case of nonlocal tensor operators, being given as (infinite) towers of 
local tensor operators of growing rank, the definition of (geometric) twist is more 
subtle. For that reason another notion of (dynamical) twist, being related to the 
LC-quantization in the infinite momentum frame |3J, has been introduced || by 
counting powers of 1/Q which, from a phenomenological point of view, is quite 
advantageous. However, this different notion of twist has serious theoretical dis- 
advantages: It is not Lorentz invariant and, therefore, not immediately related to 
geometric twist; furthermore, it is process-dependent because it is only applicable 
to matrix elements of the corresponding LC-operators and not to the operators 
itself. 

In order to be able to disentangle the twist content of nonlocal LC-operators 
which are relevant for various hard QCD processes a systematic group theoretical 
study has been started in an earlier paper ||, thereafter cited as I. There, bilocal 
quark operators up to (antisymmetric) second rank have been considered. Here, 
we continue this study for general tensor operators of 2nd rank. We carry out 
the complete twist decomposition of all relevant LC-operators, e.g., bilocal gluon 
operators, trilocal quark-gluon correlation operators (related to so-called Shuryak- 
Vainshtein operators) and four-fermion operator, as well as multilocal quark and 
gluon operators. Thereby, generalized harmonic polynomials being tensors up to 
rank 2 are introduced and the interior derivative on the light-cone is used. 

The paper is organized as follows. In Chapt. 2 we shortly review the general 

1 Obviously, if d is taken as scale dimension of the operators it is not related to the generators 
of the Lorentz group but to those of the subgroup SO(2h) (g> R+ of the conformal group in 
2/i-dimensions. Thus a local operator with definite twist is a irreducible finite dimensional 
representation of the group SO(2h) ® R+. 
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method introduced in Part I. In Chapt. 3 we give the complete twist decomposition 
of the various gluonic bilocal light-ray tensor operators of second rank being 
specified by different symmetry classes; their twist content ranges from 2 up to 6. 
In Chapt. 4 we extend these results with minor modifications to the trilocal light- 
ray operators mentioned above. Any of these nonlocal operators consists of an 
infinite tower of local operators which are characterized by equal twist. Appendix 
A contains some material about the tensorial harmonic functions. 



2 General procedure 

Let us now shortly review the general procedure, introduced in Part I, of how 
to decompose arbitrary bilocal LC-operators into harmonic operators of definite 
twist. Those nonlocal operators which are relevant for the virtual Compton scat- 
tering J7J are obtained by the nonlocal LC expansion [Q, |9| of the (renormalized) 
time-ordered product of two electromagnetic hadronic currents: 

KT(j>*(y+z)r(y-?L)S) « [d 2 KC^(x 2 1 K)nT(O r (y + K 1 i,y + K 2 x)S)+--- , 

x 2 — >0 J 

where T = {1, 7 M , a^ v \ 75, 7^75, 0^75} indicates the tensor structure of the nonlo- 
cal quark operators and a; is a light-like vector related to x, cf. ||, [H| |]. The 
unrenormalized nonlocal (flavour singlet) operators at y = are given by 

O r (nix, k 2 x) = v/j(kix)TU(kix : K 2 x)ijj(K 2 x) (2-1) 

with the path ordered phase factor 

U(kix, k 2 x) = Vexp \ig [ drx^A^rx)), (2.2) 



ensuring gauge invariance. As is well-known, under renormalization these op- 
erators mix with appropriate chiral-even (or chiral-odd) bilocal gluonic tensor 
operators, eventually multiplied by appropriate tensors built up from x: 

G a p(nix, k 2 x) = F a p (Kix)U(Kix, K 2 x)Fpp{K 2 x) , (2.3) 
G a p(nix, k 2 x) = F a p (Kix)U(Kxx, k 2 x)F i3p (k 2 x) , (2.4) 

where F a p and F Q/ g = \e a f3^ u F pv are the gluon field strength and its dual, respec- 
tively. Here, the phase factors are to be taken in the adjoint representation. 

In general, the twist decomposition of an arbitrary bilocal light-ray operator 
may be formulated for any space-time dimension D = 2h. Let us denote such 
operators for arbitrary values of x as follows: 

O r (kxx, k 2 x) = $'(K 1 x)r?7(K 1 x, k 2 x)Q(k 2 x) (2.5) 

where, suppressing any indices indicating the group representations, $ generically 
denotes the various local fields, e.g., scalars (d = h — 1), Dirac spinors (d = h — |) 
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as well as gauge field strength (d = ft), is the gauge potential having dimension 
d = ft,— 1. Furthermore, T labels the tensor structure as well as additional quantum 
numbers, if necessary. 

Now, the twist decomposition of operators ( |2.5|) consists of the following steps: 

(1) Taylor expansion of the nonlocal operators for arbitrary values of x at the 
point y = into an infinite series of local tensor operators having definite rank n 
and canonical dimension d: 



O r (niX, k 2 x) = 



A<1 



n=0 



nl 



^'{y)YDJK 1 ,K 2 ) . . .D^K^iy) 



y=o 



(2.6) 



with the generalized covariant derivatives 
Dp = % + igA lt (y), 



KxD u + K 2 D 



(2.7) 



D, = dl- igA,(y) . 



(2) Decomposition of local operators with respect to irreducible tensor repre- 
sentations of the Lorentz group SO(2h — 1, 1) or, equivalently, the orthogonal 
group SO (2ft). These representations are built up by traceless tensors of rank 
m whose symmetry class is determined by some (normalized) Young operators 
y[m] — (f[m]/ m ^)QP, where [m] = (m 1; m 2 , . . . m r ) with m x > m 2 > ... > m r 
and Y?ii=i m i = m denotes the corresponding Young pattern. V and Q, as usual, 
denote symmetrization and antisymmetrization with respect to that pattern. The 
allowed Young patterns for SO (2ft), which because of the tracelessness are re- 
stricted by l\ + £2 < 2ft (£: length of columns of [m]), are for a fixed value of m: 



j — m, m — 2, m — 4, . . . 
j — m — 1, m — 2, m — 3, 



m 



j = m — 2, m — 3, m — 4, 



iv 



m 



2, m — 3, m — 4, . . . 



(Here, we depicted only those patterns which appear for ft = 2 where l\ + £2 < 4.) 
Loosely speaking, the lower spins in the above series correspond to the various 
trace terms which define, in general, reducible higher twist operators. These 

2 The corresponding representations are related through analytic continuation, cf. 11, 51| || 
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higher twist operators again have to be decomposed according to the considered 
symmetry classes. 

Now, two remarks are in order. At first, this decomposition of the local oper- 
ators appearing in ( |2.6|) into irreducible components is independent of the special 
values of k±, k 2 . Therefore, we may choose K\ — 0, — k and factor out K n for 
every term in eq. (|2.6| ), thus simplifying the explicit computations below. At the 
end of the computations the general values of may be re-installed. Further- 
more, if these irreducible local tensor operators are multiplied by x Ml . . . as 
it is necessary according to eq. ( p.6|) , then harmonic (tensorial) polynomials of 
order n appear whose remaining tensor structure results from V. For a detailed 
exposition of these objects, see Appendix A. 

(3) Resummation of the local operators (9f n (x) belonging to the same symmetry 
class (for any n) and having equal twist r. That infinite tower of local operators 
creates a nonlocal operator of definite twist, 



Obviously, from a group theoretical point of view, this nonlocal operator is built 
up as direct sum of irreducible local tensor operators. The nonlocal operators 
Of (0, kx) are harmonic tensor functions. Now, putting together all contributions, 
i.e., including the higher twist contributions resulting from the trace terms, we 
get the (infinite) twist decomposition of the nonlocal operator we started with: 



(4) Finally, the projection onto the light-cone, x — > x, leads to the required light- 
cone operator with well defined geometric twist. However, since the harmonic 
tensor polynomials essentially depend on (infinite) sums of powers of x 2 and □ as 
well as some specific differential operators in front of it, in that limit only a finite 
number of terms survive: 



The resulting light-ray operators of definite twist, which have been rewritten for 
general arguments, are tensor functions on the light-cone which fulfil another kind 
of tracelessness conditions to be formulated with the help of the interior (on the 
cone) derivative. - Let us remark that step (3) and (4) can be interchanged 
without changing the result. 

The advantages of our method are: First, these nonlocal operators of defi- 
nite twist are Lorentz covariant tensors (contrary to the phenomenological con- 
cept of twist). Second, this twist decomposition is unique, process- and model- 
independent. Furthermore, the twist decomposition is independent from the di- 
mension 2h of space-time. 



n=0 



oo 



Or(0,x)= O£{0,x). 
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3 Twist decomposition of a general 2nd rank 
tensor operator 

This Chapter is devoted to the twist decomposition of a general 2nd rank tensor 
operator. For simplicity, we restrict ourselves to four dimensional space-time {h = 
2). Furthermore, since the twist decomposition is independent from the chirality 
we demonstrate it only for the chiral-even gluon operator ( |2.3| ). In addition, we 
make the special choice K\ = 0, k<i = k, thereby also simplifying the generalized 
covariant derivatives, eq. (|2.7|), to the usual ones: 



oo r 



G aP (0, kx) = F/(0)E7(0, kx)F Pp {kx) = £ — x^ . . . x^G a ^^ n) , (3.1) 

n=0 

with G a ^ n) = FMDb . ..Dl n) F Pp {y)\ 



here the symbol (...) denotes symmetrization of the enclosed indices. 

The local tensor operators Gq/?^...^) decompose according to the Young pat- 
terns (i) to (iv) and possible higher ones (i.e., for m\ + rri2 = n + 2, m2 > 3): 

+/5 n G (h 2 > + -f n G { ™] , + ■.., (3.2) 

<^ n a(3(tn...fi n ) ' n al3(fi 1 ...fj, n ) ' \ / 

with the (nontrivial) normalization coefficients /[ m ]/m! of the Young operators 
given by a n+ i = 2{n + l)/(n + 2) for [m] — (n + 1,1), /3 n = 3n/(n + 2) for 
[m] = (n, 1,1) and 7„ = 4(n — l)/(n + 1) for [m] = (n, 2). The corresponding 
Clebsch-Gordan series in terms of representations (ji, J2) of the Lorentz group is 



(2' D ® (2' 2) ® ((2' 2) ® ("V' "2 2 ) ® • • 

— ( "+ 2 ?l+2 ^ „ ( ( n+2 n\ „ ( n n+2 \\ ^ ( n n\ 
-\ 2 ' 2 J^^l 2 '2J W l2' 2 jj S l2'2i 

( 3 - 3 ) 

12' 2 ) 93 V 2 ' 2) ) ® V 2 ' 2 J ' 



the corresponding tensor spaces will be denoted by T(j 1; j 2 )- in the last line of 
eq. ( |3.3|) such representations are listed down which correspond to higher twist 
contributions contained in the trace terms of symmetry classes (i) - (iv). The 
canonical (or scale) dimension d of the local operator (|3.2j ) is n + 4, and the spin 
of the various contributions in ( |3.3j ) ranges from n+2 up to 1 or if n is even or odd, 
respectively; therefore, the local operators with well-defined twist are irreducible 
tensors of the Lorentz group or, equivalently, of the group SL(2, C) <g> M + , having 
scale dimension d. 

In general, according to the spin content and the rank of the corresponding 
local tensor operators, the nonlocal operator (|3.1|) for arbitrary x contains contri- 
butions of twist ranging from r = 2 until r = 00. However, after projection onto 
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the light-cone, x — > x, this infinite series terminates at least at r = 6 since higher 
order terms are proportional to x 2 . 

In order to be more explicit, as well as for later use, we introduce the (anti)sym- 
metrization with respect to a and j3 and we define the following nonlocal operators: 



G^(0,kx) := l(G af3 (0,Kx)±G f3a (0,Kx)) , (3.4) 

G±(0, kx) := x p G%(0, kx) = G± (0, kx) , (3.5) 

G(0,kx) := x a x p G+ p {0, kx) . (3.6) 

In fact, the twist decomposition of these bilocal light-ray operators reads:[] 

G+,(0, kx) = Ga(0, kx) + G^O, kx) + G^(0, kx) 

+G%%(0,kx)+G%%(0,kx), (3.7) 

G- p (0, kx) = Gg|(0, kx) + G$j(0, kx) + Ggjj,(0, kx) , (3.8) 

c+(o, kx) = g;:. 2 } (o, kx) + g;:. 3 } (o, kx) + g^o, kx) , (3.9) 

G-(0,kx)= GQ(0,«z)+GQ(0,«z), (3.10) 

G(0,kx) = G tw2 (0,Kx). (3.11) 



The various twist contributions individually decompose further according to the 
symmetry classes which may contribute. The explicit expressions for generic ten- 
sor operators are given in the following subsections, where it will be shown that 
Young patterns (i) and (ii) as well as (iv) contribute to the symmetric tensor op- 
erators and related vector and scalar operators, and Young patterns (ii) and (iii) 
contribute to the antisymmetric tensor operators and related vector operators. 
Special tensor operators are considered in Chapt. 4. 



3.1 Tensor operators of symmetry class (i) 

3.1.1 Construction of nonlocal symmetric class-(i) operators of defi- 
nite twist 

Let us start with the simplest case of the totally symmetric traceless tensors, and 
their contractions with x, which have twist r = 2 and are contained in the tensor 
space T( s ^, !i ^). They have symmetry class (i) and are uniquely characterized 
by the following standard tableau (with normalizing factor 1): 



a 




Mi 







= S F a "(0)(D ltl ...D lia Fp p )(0)- trace terms 

af3fj,i...fi n 

The irreducible local twist-2 operator reads 

GZfLvn) = A* • • • ^n^)p(O) " trace terms . 



We use the notation A (q/3) = ^(A a/3 + Ap a ) and A [a/3] = \{A a p - Ap a ). 



7 



Let us postpone the determination of the trace terms and make the resummation 
to the corresponding nonlocal operator in advance. This is obtained, at first, by 
contracting with x w . . . x^ n and rewriting in the following form: 

r tw2 ^(^.\ — tA»i rr^n r rtw2(i) _ 1 a a A („\ 

U (af3)nV X ) ~ X ■ ■ ■ X ^(aPvL.-Hn) ~ (n+2)(n+l) °*°P U n+2{X), 

with the denotation 

o 

G n+ 2(x) = G n+2 (x) — trace terms , 
G n+2 {x) = x"i7/(0)(xD)"^(0) . 

o 

Here, G n+2 (x) is a harmonic polynomial of order n + 2, cf. eq. (|A.5|) , Appendix |A|: 

[— 1 k 

G n+ i(x) = Hl%(x*\n) G n+2 (x) es ± ( ^ 2 ~,g ! (^) □ fc G n+2 (x) . 



Then, using ((n + 2)(n + 1)) 1 = Jq 1 dA(l — A)A n and the integral representation 
of Euler's beta function we obtain the nonlocal twist-2 tensor operator.^ 



GB)(0, kx) = ^ G^l(x) = d a d? I dA(l - A)G(0, kXx), (3.12) 

with 

G(0,kx) = G(0,kx)+^ J^dttl^j fc , (A ,_ 1) , (^—j G?(0,«te). (3.13) 



n 

n=0 



fc=i 



The operator G/^(0, kx) satisfies the conditions of a harmonic tensor function: 
g^G^O, kx) = 0, DGfS^O, kx) = 0, cFG^O, ra ) = . (3.14) 

3.1.2 Reduction to vector and scalar operators 

Now, we specify to the nonlocal vector and scalar operators. Multiplying eq. (|3.12| ) 

o o 

by x 13 and observing the equality (xd x )G(0, kXx) = (\d\ + 2)G(0, k\x) gives the 
twist-2 vector operator, 

r 1 

G^O, kx) = d a dA AG(0, k\x), (3.15) 
Jo 



which satisfies the conditions 

ftw2 (r\ 

r (a.)l U > ^) — u ' u ^(am) 



□ G5$(0, kx) = 0, d a G%\{0, kx) = 0. (3.16) 



4 Here, and in the following, we omit the indication of the symmetry class of the nonlocal 
twist-2 operators because only totally symmetric tensors contribute. However, the trace terms 
being of higher twist must be classified according to their symmetry type. 
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Multiplying with x a x@ gives the twist-2 scalar operator, 

G tw2 (0,Kx) = G(0,kx) , (3.17) 
which, by definition, satisfies the condition 

DG tw2 (0,Kx) = 0. (3.18) 
The expression (|3.13|) for the scalar operator already has been given by Balitsky 



and Braun 13 



Comparing eqs. ( |3.12|) , ( |3.15|) and ( |3.171 ) we may recognize that in the case of 
symmetry class (i) the tensor and vector operators are obtained from the scalar 
operator by very simple operations. Furthermore, we observe how in the case 
of the scalar operator the trace terms - being proportional to x 2 - are to be 
subtracted from G(0, kx) in order to make that operator traceless. In the case of 
vector and tensor operators such subtraction, because of the appearance of the 
derivatives, is more complicated. 

3.1.3 Projection onto the light— cone 

Let us now project onto the light-cone and, at the same time, also extend to the 
case of general values (k\,k 2 ). Because of the derivatives d a and dp, appearing 
in eq. ( |3.12|) , only the terms with k — 1,2 in eq. (|3.13|) contribute. The final 



expression for the symmetric twist-2 light-cone tensor operator is given by 

G t ^ j) (Kix,K 2 x) = d a dp dA(l - X)G(k 1 Xx, k 2 \x)\ x= .- G^J^x, k 2 x), (3.19) 

Jo 

G^ ) (k 1 x,k 2 x)=J dA{(l-A + AlnA) (lg af 3 + x (a d^D (3.20) 
+ 1(2(1 - A) + (1 + A) In X)x a x p U 2 ^G{K l Xx, k 2 Xx) r 

The operator (k\X , k 2 x ) contains the higher twist contributions which have 
to be subtracted from the first term, eq. (|3.19|) , in order to make the whole 
expression traceless. In order to disentangle the different terms of well-defined 
twist we observe that the tensor operator (p. 20 ) consists of scalar and vector 



parts. Here, an operator being contained in the trace terms is called a scalar 
and vector part, respectively, if the expression multiplied by g a p, x a or xp is 
a scalar, like \3G(k\x, k 2 x) or d^G^Kix, k 2 x), and a vector, like dpG{n\x, k 2 x) 
or dpd^G^Kix, n 2 x), respectively.^ The scalar operators, DG(kiX, k 2 x)\ x= x an d 
\Ji 2 G(kix, k 2 x)\ x= x, occurring in eq. ( |3.20| ) already have well-defined twist r = 4 
and r = 6, respectively. To ensure that the vector operator dp\3G(KiX, k 2 x)\ x=x 
also obtains well-defined twist, it is necessary to subtract its own trace terms 
which are of twist r = 6. 



5 Strictly speaking, x a and xp as well as g a p which are necessary for the dimension and 
tensor structure of the whole expression do not belong to the higher twist operator itself. 
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The higher twist operators contained in the trace terms of the twist-2 tensor 
operator are the following: 



/<-f>(i) / ~ ~\ wtw4(i)a/ ~ ~\ . / ^»tw4(i)b / 

G / ^{k 1 x,k 2 x) — G( a/3 y (K 1 x,K 2 x) + G (n a\ (kiX,k 2 xJ 



'(a/3) 



+ G (3) l)a («i 5 ' K 2x) + G^ l)b («ix, «2») 



(3.21) 



with 



G (a/3) ^) = 2^/9 □ / dX(l- X + XlnX)G(KiXx,K 2 Xx)\ x 

Jo 

G t ^p^ b (Kix,K 2 x) =x ^0/3)0 / dA(l — A + A In X)G(kiXx, k 2 Xx) | 

t/ 



G^ l)b (K!X, K 2 x) 



and 



G(^ l)a (Kix, k 2 x) =^x a x p U 2 I dA(2(l-A) + (1 + A) lnA)G(/«iAx, /^Ax)^- 



G 



tw6(i)b . 
(a/3) 1 



ft 



ix, ft 2 x) = -^x a xpOr I dA 



(l-A) 2 



1-A 2 



2^ AlnAjG(ftiAx, k 2 Xx)\ x ^„ 



Obviously, by inspection of the spin content of the symmetry type (i), the local 
twist-4 and twist-6 operators carry the representation T(|, |) and T( !2 ^, ^f^), 
respectively 

Finally, completing the twist decomposition of the symmetric nonlocal ten- 
sor operator, we write down the symmetric twist-4 light-cone tensor operator 
contained in the expression ( |3.20| ) 

G ^)\ K ^ = ^(^^(^l 5 ' K 2X) + G^y h (KiX, ft 2 x) 

= J dA{ (1 - A + A In A) (±g a(3 + x {a d^ □ (3.22) 



^ x A In A^x^X/jO 2 j G(k±Xx, ft 2 Ax)| 



( 



x=x ' 



whereas the symmetric twist-6 light-cone operator contained in ( |3.20p reads 



K 2x) = ft 2 x) + ' (ftlX, ft 2 xj 



^tw6(i)a / 



*,tw6(i)b / 



(3.23) 



p\ 2 

jXaXpD 2 J dX^-^j- + In X^j G(kiXx, k 2 Xx)\ q 



3.1.4 Vector and scalar light— ray operators 

Contracting eq. ( 3.19Q with x 73 , making use of formula (xd x )f(Xx) = Xd\f(Xx) 
and performing the partial integrations we obtain the final version of the twist-2 
light-cone vector operator, 



G^l^KlX, k 2 x) 



dA A 



d a + o(hi X)x a D G(k\Xx, k 2 Xx) I 



(3.24) 
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which already has been used in M, and the twist-4 light-cone vector operator, 
G t ^ ) {nix 1 K 2 x) = -\x a U J dA A (In X)G(k\\x, k 2 Xx)\ x=s . (3.25) 

** 



In order to obtain the scalar twist-2 light-ray operator we multiply ( ft .24 ) by 



x a . Then, the twist-4 part vanishes and the remaining twist-2 operator restores 
the scalar operator (compare eq. ( ft.ll|) ), 



G tw2 (Kix, k 2 x) = G{k\x, k 2 x) . (3.26) 
Let us point to the fact that the trace of the original gluon tensor, g af3 G ^{kiX , k 2 x) 

y tw4(i' 

>/3)' 



is a twist-4 scalar operator. It is contained in G^"t\ (nix, k 2 x) as well as similar 



expressions occurring below, cf. also eq. 



3.1.5 Condition of tracelessness on the cone 



Finally, it should be remarked, that the conditions ( ft,14|) , (|3.16|) and ( ft,18|) , if 



translated into the corresponding ones containing derivatives with respect to x, 
no longer hold for the light-cone operators. This is clear because, by projecting 
onto the light-cone, part of the original structure of the operators has been lost. 
Nevertheless, the conditions of tracelessness of the light-cone operators may be 
formulated by using the interior derivative on the light-cone |TJ], [T5| which has 



been used extensively for the construction of local conformal operators jloj [17 
In four dimensions it is given by 

d a = (l + xd)d a - \x a d 2 with d a = — , 
and has the following properties 

d 2 = , [da, dp] = and d a x 2 = x 2 (d a + 2d a ) . 
Then, the conditions of tracelessness simplify, namely, they read: 

9 aP tf$D ^ ) = , d a G^ 2 } ( Kl x, k 2 Z) = , 



as well as 



d a Gt 2 AK!X,K 2 x) = 0. 



Analogous conditions hold for the light-cone operators of definite twist in the 
case of symmetry classes (ii) - (iv) obtained below. 

In passing we remark that the interior derivative may be used in defining more 
directly totally symmetric local light-cone operators []18|. For example it holds 



Gt (3)l( x ) ~ (n+2) 2l (n+l) 2 d a d/3G n+2 {x) , 

G Z»)n^ = (n+2) 2 daG n+2 (x) . 

However, in case of symmetry types (ii) - (iv) the corresponding expressions should 
be more involved. 
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3.2 Tensor operators of symmetry class (ii) 

3.2.1 Construction of nonlocal (anti) symmetric class-(ii) operators of 
definite twist: Young tableau A 

Now we consider tensor operators, and their contractions with x, having symmetry 
class (ii) and whose local twist-3 parts are contained in T( 2 |^, ~) © T(~, 
Contrary to the totally symmetric case we have different possibilities to put the 
tensor indices into the corresponding Young pattern. Without presupposing any 
symmetry of indices a and (3 we should start with the following Young tableau: 





1^2 








a 





A S F a P(0)D ltl ...D lta F Pp (0) -trace terms, 



T7+2 



with normalizing factor a n+ \. (The tableau with a <-» (3 will be considered there- 
after.) Denoting this symmetry behaviour by (iiA) we may write the local twist-3 
tensor operator as follows: 



Cl« = ^T2 {Fa^D^ ■ ■ ■ ^)^p(O) + FfWDpD^ . . . AA)p(O) 

n 

+J>/(0)L> (mi . . . D^D^D,^ . . . D^F^O) 

1=2 

— (a <-> iix) | — trace terms . 

Proceeding in the same manner as in the last Subsection we multiply by x Ml . . . x Mn 
and obtain: 



with 

o o 



^ (n+2) 2 



Here, G M .| n+ i(x) is the harmonic vector polynomial of order n + 1 (see, Eq. (|A.7|) 



Appendix A) and the symmetry behaviour of class (ii) is obtained through the 
differential operator in front of it. Now, using ((n + 2)n)~ 1 = dA(l — A 2 )A n /(2A) 
and Euler's beta function we sum up to obtain the following nonlocal twist-3 
tensor operator: 

G tw3(iiA) (0) nx) = J dA l_^ ^ xd) _ x ^ da y pG ^ 0j kXx) ) ( 3.27) 
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with the nonlocal traceless (vector) operator 



~ /- 1 f-X 2 \ □* fl-t\ 

G a .{0, kx) = G Q .(0, kx)+2^J dt y—J fc! ( fc _ ( v ^— J Ktx ) 
- [x a d"{xd) - \x 2 d a d»] (3.28) 



2 X *■ 

°^ /■! /-I f -X 2 \ k D k fl-t\ k 



X 

fc=0 



The following decomposition into symmetric and antisymmetric part is useful 
for the further calculations 

C 30 ^ (°> «*) = G^f A) (0, kx) + G^ 3 f A) (0, kx) , (3.29) 

with 

G[2f iiA) (0, kx) = f dA A^^]G M .(0, kAx) , (3.30) 

-1 

G^ 3 f A) (0,Kx) = / dA^^-^^x^^^O^Ax) (3.31) 
= y dA^(^(xa)-^ (a )^)G M .(0,KAz). (3.32) 

Again, these operators are harmonic tensor functions. The conditions of trace- 
lessness for the tensor operator are 

^ G tw3 ( iiA) (0, kx) = , no J 3(iiA) (o, ra ) = , 

<9 a Gj 3(iiA) (0, kx) = , ^Gj 3(iiA) (0, kx) = . (3.33) 
3.2.2 Reduction to vector operators 

The corresponding twist-3 vector operator is obtained from eq. (|3.27| ) by multi- 
plication with x^: 

G^ 3(iiA) (0, kx) = J d\\(5£(xd) - x^d^G^O, kAx). (3.34) 

Obviously, a corresponding scalar operator does not exist. 

This vector operator fulfils the following conditions of tracelessness 

nG rtw3(iiA)( 0) ra ) = , d a G t Z 3(iiA) {0, kx) = . (3.35) 
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3.2.3 Projection onto the light— cone 

[a/3] 



a) The calculation of the antisymmetric tensor operator G^ 3 \ uA \kix , k 2 x) on 



the light-cone is similar to that of (kiX, k 2 x) in Part I; for the details we 
refer to it. The resulting expression is: 

G tw3(nA)^~^ 2 ~^ = / ^x\5^ a dp]G^.(KiXx, k 2 Xx)\ x= --GQ^\kix, k 2 x), (3.36) 
Jo 

G la0] A \ K i^^2x) = \\ dA(l - A)|(2z[ a ^]9 M - xiJ>^^G^{k]\x,k 2 \x)\ x= , 

J v 

— (1 — A + A In X)x[ a d/3]nG(Ki\x, k 2 Xx)\ x x \ . (3.37) 

Gj^gj (kix, k 2 x) contains twist-4 and twist-5 contributions, but twist-6 contribu- 
tions do not appear due to X[ a xp\ = 0. The higher twist operator (|3.37|) contains 
two vector operators multiplied by x a and xp, respectively. For their twist de- 
composition one has to take into account Young pattern (i) as well as (ii). The 
procedure is analogous to the decomposition of the vector operator O a (niX, n 2 x) 
made in Part I. After a straightforward calculation we obtain 

y>(iiA)/ ~ ~\ ^-ytw4(iiA)a/ ~ ~\ . / ^tw4(iiA)b/ 



[a " g] '{^X, K 2 X) =G [a ^ [KiX, K 2 X) + G [Q(3] V (K 1 X,K 2 XJ 

'tw5( 
[a/3] 

with 



+ ^Wfl i K 2x) (3.38) 



r 1 2 

G [5] (uA)a ( K i^ ' K 2^) = ^Xfadfld" / dA^— ©^(/ciAar.KaAa;)!^ , 

Jo 

G tw4(nA)b^^^ 2 ~^ = _^ X[a Q^Q J dx(^^ + X1uX^G(kiXx, k 2 Xx)\ x= „, 
G tw5(iiA)a^~^ 2 ~^ = _ X[a ^( x d) -x^dp^O dX^^-G^KiXx^^x)]^,. 







(b) Now, we determine the symmetric tensor operator Gv^l (kiX, k 2 x) on the 
light-cone. Putting eq. fl3.28| ) into ( |3.31| ), after some lengthy but straightforward 
calculation (taking into account only the relevant terms of the fc-summation and 
performing some partial integrations), we get the following result: 



£tw3(nA)^^ k ^ _ / d ^l_A_^^^ _ x ^ a S \dp)G^,(Xx, K 2 Xx)\ x= - 

- G> {aP) | K 2X) , (3.39) 
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with the higher twist contributions of the trace terms 



^-y>(iiA)/ ~ ~n 
G (a/3) {KlX,K 2 X) 



dX 



^T9a^ + ^Ix^U + (1 - \)x {a dfidP 



4A 



+ (|(l-A) + ^+AlnA)^)n 

^ ^ + A In X^XaXpO 2 G(ki\x, k 2 Ax)| 



+ 4 l 2A 



(3.40) 



It is obvious that eq. ( |3.40| ) contains scalar and vector operators. Again, using 
Young patterns (i) and (ii) and subtracting the trace terms, we can decompose the 
vector part appearing in eq. ( ^.40[ ) into twist-4, twist-5 and twist-6 operators. 
This procedure is analogous to the twist decomposition of the (vector) quark 
operator O a (Kix, k 2 x) in Part I. From the twist-4 and twist-5 vector part we 
have to subtract their trace terms being of twist-6 and add it to the other twist-6 
scalar operator. Let us recall that the scalar twist-4 and twist-6 operators are 
already traceless on the cone. In that manner we get the following decomposition: 



^>(iiA)/ ~ -n. 
G,„ m (K\X, K 2 X) 



(a/3) 



-G 



tw4(iiA)a , 
(a/3) I 



KiX, K 2 x)+G 



tw4(iiA)b, 
(a/3) I 



KiX, K 2 x) + G 



tw4(iiA)c 
(a/3) 1 



KlX, K 2 X) 



. x-ytw4(iiA)dl 
+ G M) 1 



~\ . ^-ytw4(iiA)d2 / ~ ~\ . / - y tw4(iiA)c / ~ ~\ 
K X X, K 2 X) + G (Q ^ [KxX, K 2 X) + G (Q ^ [KiX, K 2 X) 



+ G (7p) 1A ' U ( K l X > K ^ X ) + ( K l&i K 2 X ) + ( >\a3) ' K ^ X ) 

r x™§(iik)c, ~ ~x fy tw6(iiA)dl / ~ ~x r ,tw6(iiA)d2 
T \ k 1 x j K 2 X) -+- < - T ( Qj g) ' l • " l " ' ( ' 



■ytw6(iiA)b / 



+ G 



KiX, K 2 X) + G, aj3 \ {KiX,K 2 X 

tw6(iiA)d3/ ~ ~\ . r ,tw6(iiA)d4 / ~ . ^tw&lnA)^ 

KiX, K 2 X) + "fam [K\X, K 2 X) -\- Lr 



(a/3) 



'(a/3) 



K\X, K 2 X), 

(3.41) 



with 



r -,tw4(iiA)a/ ~ ~x 
(a/3) ^ftlX,ft2 J 'J 



G 



tw4(iiA)b 
(a/3) 1 



r ,tw4(iiA)dl/ ~ ~\ 



1-A 2 
2A 



-\x {oi d p) nJ^ dA((l-A) + 
+ 2A In A )G(kiA:e, k 2 \x) 



+ A In A j G(k\\x, k 2 \x) 
l-A 2 



2A 

r ,tw6(iiA)b/ ~ ~\ 
— ^(a/3) K 2^J j 



- |^(a<9/3)D y dA^^-y^ + ^^G^iAiE, k 2 \x)\ 



'0 

^tw6(iiA)dl / ~ ~s 
(a/3) v.'H 2 ') ? 
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and 



£tw6(iiA)a^~^ 2 ~-j = l_ XaXf3 n 2 d\(^~^ ^2^- - XhiX^G(Ki\x, K 2 Xx)\ x 

J 

G tw6(nA)b^^ ^ = _ ^ XaXf I dA^^X^ - § 

J 

- A In A - G(k x Xx, k 2 Xx)\ x=£ , 

G tw6(iiA)dl^^ K ^ = l XaXfj \j2 / dA(^^ + + lj ^jG(K 1 Xx, K 2 Xx)\ x=S: 

J 

G ,tw6(nA)d3^ i ~^ k ^ = _ ^ XaX/ J dA^^p + Xj y + lj ^^jG(KiXx, k 2 Xx)\ x 
being related to the scalar operator G(kix, k 2 x), as well as 

G tw4(nA) C( ^^ k ^ =\g a pd^ i dX^-G^KxXx, k 2 Xx)\ x= . , 

J 

G tw4(nA)d2 (Ki£)K25) =X(adp)d , f\\(±^ + ^ G ^ Kl \ x , K2 \ x )\ x=£ 

JO 

r tw6(iiA)d2 r _ _x 

G (aJ" A)C ( K i^ K 2^) =x (q 9 /3) 9 m / dA(l - X)G ix .(k 1 Xx, K 2 Xx)\ x=i 

J 



r ,tw6(iiA)e/ ~ ~x 



and 



x J dA^^ + ^YjG^^Xx, k 2 Xx)\, 



/ - Y tw6(iiA)d3 / ~ ~\ / - Y tw6(iiA)d4 / ~ ~\ 

G ( Q /3) W - G (a/3 j K 2 X) , 



and 



G (S) UA)c ( /c i £ ' K 2a;) = - \x a xpUdP J dA 1 - 1 ^ G^.^Xx, k 2 Xx)\ x= . , 
G rtw6(nA)d2^ i _^ K2 £)= -± XaX/3 nd>* dA^^ + ^+^^G /1 .(/ciAx,/C2Ax)|, 

«/ 

G ,tw6(nA)d4^ i ~^ = _ l^^Q^ / dA^^ + ^^.(KiAx, «2Ax)| a . = - , 

^twejnA^^^^^^l^^^ / dA ^^ G^,(KiXx, K 2 Xx)\ x= . , 



being related to the vector operator G^KiX, k 2 x). 
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3.2.4 Contributions of Young tableau B 

Let us now consider the other Young tableau which is obtained from the former 
one by exchanging a and j3: 





fJ>2 




/in 


a 


p 





= A S F a '(0)D w . . . D^F^O) -trace terms. 



This symmetry behaviour will be denoted by (iiB) . The corresponding nonlo- 
cal twist-3 operator which we obtain after analogous calculations is (with self- 
explaining denotations): 

»i 

G t Q w / {iiB) (0, ra ) = J d\^f^(xd)-x^d a G.,(0,K\x). (3.42) 

Its decomposition into symmetric and antisymmetric part yields 

G% 3(im \o, kx) = G^ m \0, kx) + G^f B \0, kx) , (3.43) 

with 

Gf2f iiB) (0, kx) = [ dX X6^d a] G.,(0, kXx) , (3.44) 
-i 



G^lf B \0,Kx)= / d\^(5{ a (xd)-x»d ia )df !) G.^0, K \x). (3.45) 

J 

The projection onto the light-cone and the calculation of the higher twist opera- 
tors contained in the trace terms is completely analogous to case (A) and should 
be omitted here. 

3.2.5 Construction of the complete twist— 3 tensor operators on the 
light— cone 

In order to obtain the complete twist-3 operator it is necessary to add both twist- 
3 operators ( B.29|) and (|3.43|) resulting from the Young patterns (iiA) and (iiB). 



Since no further Young pattern contributes to twist-3 operators we omit the index 
(ii). After projection onto the light-cone the final result is 

G^{k x x, k 2 x) = GgKx, k 2 x) + GgJjOdz, k 2 x) , (3.46) 

with the antisymmetric twist-3 light-cone tensor operatoif\ 

G^(kxx,k 2 x) =2 / dA Xd[ a Gpi (ki Xx, k 2 Xx) 
Jo 



I x=x 



k 2 x) - G^ u \kix, k 2 x) , (3.47) 



6 Here, we used the abbreviation = x v Gy^ instead of G^,] in order not to come into 



conflict with the antisymmctrization of the indices a and fi. 
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where 



t 4 ■■ f 1 1 A 2 

gS u) (ki£, « 2 ^) = -X[ a (S%(xd) -x^dp^U I dA G~(ki\x, k 2 Ax 



*/ 

(3.49) 

The local twist— 4 operators are contained in the tensor space T(f, |) and the 
local twist-5 operators are contained in the tensor space T(|, x( 2 ^, |). 

In turn, let us remark that the bilocal light-ray operator Gt^%(Kix, K2X) is the 
same as the antisymmetric tensor operator which obtains from the Young tableau 



& 


M1IM2I 


tunl 


a 





That tableau has been used in Part I for the computation of 
Mfap^Kix, K2S:). Furthermore, let us note that the local operators contained in 
M^p](Kix,K2x) and in G^|](ki£, re 2 x) are in complete agreement with the local 
operators on the light-cone determined by Dobrev and Ganchev ]17| by means of 
the interior derivative. 

From the above point of view our result for the antisymmetric part of twist-3 
operator ( |3.46| ) could be obtained much easier. However, the symmetric twist-3 
light-cone tensor operator is much more involved. It is given byQ 

dX ^t~ ( 5 (a( xd "> ~ x^d^dfiG+iKtXx, n 2 \x) \ x= . 
- G W)( K i%, k 2 x) , (3.50) 

where G^^(kix, k 2 x) includes all the trace terms having higher twist; these op- 
erators are given by 

GjJ) U)a ( K i£> Kzx) = - g aP D / dA^i^- + AlnAjG(/«iAx,K 2 Ax)| :r= _ , 

J 

G^p^^Kix, k 2 x) = — X( a dp)nl dA^(l — A) + ^-+2Aln AjG(ni\x, k 2 \x)\ x=x 

~ Lr (af3) \KiX,K2X), 

G S) ll)dl ( K i^' = ~ x (» d i3) n dA (^T + ^)G(kiXx, k 2 Xx)\ x=x 

J 

^tw6(ii)dl/ ~ ~x 
(a/3) {KlX, K2X) , 



7 Similarly, we use the notation instead of 
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and 



(j^^ a (/ci5;, k 2 x) =^x a xpn 2 d\(^—jp- — ^ 2\ ~ Aln A^Gr(/ciAx, /t 2 A:r)| 

J 

J 



(1-A) 2 _ 3 1-A 2 
2A 2 2A 



Gr^( u ) dl ( Kl 5 >/C2 5) =I XaX/3 n 2 / dA^^ + + %^)g , («iA^,k 2 Ax)| ;i . = -, 

«/ 
J 

being related to the scalar operator G(kiX, k 2 x), as well as 

G (3) U)G («i£> ^5) =^ a/ 3<9 M jT dA^-G+(/tiAa:, k 2 Ax)| x= . , 
G S) U)d2 («i 5 > «2») = 2x (a 9 / j) 9" / dA^^ + ^)gJ(kiAx,k 2 Ax)| :i . = . 



~tw6(ii)d2, ~ ~x 
(a/3) l^iX, K 2 XJ , 

G Tat) )C ( Kl5c i K2 ^ = <2x {ad f 3)d^ I dA(l - A)GJ(kiAx, re 2 Aa;)|, 





and 



Gr (S) U)e ( /c i £ > K 2z) , 



G (3) U) («i 5 » K 2z) = - X( a (<J^(x9)-x' t 9 j 9))n 



X 



,mtw6(ii)d3/ ~ ~\ _ < otw6(ii)d4/ ~ _n 

and 

G^ u)c (kix, k 2 5) = - ^aJaa^nd" / dA ^ 1 ^ G+(ki\x, k 2 \x)\ x= . , 
G ,tw6(n)d2^ i ~^ = _ XaX/3 \jQv dA^^ + ^ + ^)Gj(«iAa;, « 2 Aa;)| s 
G tw6(u)d4^ Ki _^ = _ XaXj3 Qgn / dA^^ + ^jG+(KiAa;, k^Ae)^ , 

«/ 

G t ^ l)c {K l x ) K 2 x) =\x a xpUd^J dA ^ A ^ G+faXx, k 2 \x)\ x= . , 
being related to the (symmetric) vector operator G+(kiX, k 2 x). 
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3.2.6 Determination of complete light— cone vector operators 

Now we are able to determine the twist-3 vector operator resulting from the tensor 
operator ( p.46p by multiplying with x". Because neither symmetry type (iii) nor 
(iv) may contribute to the vector operator this will be the final expression. The 
twist-3 light-cone vector operator consists of two parts, one originating from the 
symmetric and the other from the antisymmetric tensor operator, 

G^( Kl X, K 2 x) = Gj^OdZ, K 2 x) + Gj^KiX, K 2 x) , (3.51) 

5^(xd)-x^d a -x a (d^+]nXnx^)]G+(K 1 Xx,K 2 Xx)\ 3:=s , 



where 



dAA 



dAA 



S^(xd)-x"d a -x a d l " 



G (kiAx, k 2 Xx 



(3.52) 
(3.53) 



and the twist-4 vector operator which is contained in the trace terms of that 
twist-3 vector operator is given by 

G%*W{ Kl x, k 2 x) = G^\ Kl x, k 2 x) + Gffi( Kl x, k 2 x) , (3.54) 

where 



/ ^ y tw4(ii)/ ~ ~\ 

(<*•) y^i-E) k 2 x) — %c 



GK(ki£, k 2 x) = x c 



[ dAA [d» + (ln\)Dx' x ]G+(K 1 Xx,K 2 Xx)\ = , 
Jo 

dX A d^G^^iXx, k 2 Xx)\ x= - . 



(3.55) 
(3.56) 



The antisymmetric part of the twist-4 vector operator is already complete. The 
complete twist-4 light-cone vector operator is given by 



G^ W4 (KlX, K 2 x) = G(^)(/tiX, K 2 x) + Gfa*](KiX, K 2 X 



= x a f dXX[d^ + ^Dx"]G tx (K l Xx,K 2 Xx)\ x=s , (3.57) 
Jo 

where the symmetric twist-4 vector operator obtains by adding together expres- 
sions ( ggg ) and ( ggg ), 

Gjw) K ^ ) = + G (^) U) > K 2#) (3.58) 



/' dA A [0" + ^Or"] As, k 2 Ao;) | . 
•/ o 



Furthermore, putting together expressions ( |3.24| ), (|3.52|) , ( |3.58|) and ( |3.53j ), ( |3.56| ). 
respectively, we obtain for the complete decomposition of the light-cone vector 
operator the following results anticipated by eqs. ( |3~9"1) and ( |3.10|) , respectively: 



G( a .) (kxx, k 2 x) = (kix, k 2 x) + Gr^s (kxx, k 2 x) + G^ (kix, k 2 x) (3.59) 



r (a.)WL J '> ^2^; -r 

-ftw3^,^ ~ ~\ i ^-ytw4(ii). 



G [a .](/«i5, k 2 x) = G [am] (KiX, k 2 x) + G^ ; (kiz, k 2 :c) 



(3.60) 
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3.3 Tensor operators of symmetry class (iii) 

3.3.1 Construction of the nonlocal antisymmetric class-(iii) operators 
of definite twist 

Now we consider the twist-4 and twist-5 contributions originating from the (unique) 
Young tableau related to the symmetry class (iii) (with the normalizing factor /3 n ): 





1*2 


^3 






P 
a 





= A S F a P{Q)D^ . . . D^F^O) - trace terms . 



The corresponding traceless local operator having twist r = 4 and being con- 
tained in the tensor space T(|, |) is given by: 

- F \i*i\(°) D (<* D i» ■ ■ ■ D vn)F\f3]p(0)) - trace terms. 



Now, contracting this expression with x^ 1 . . . x Mn we obtain: 

^tw4(iii)/ s w n n( ^tw4: 

with the (antisymmetric) tensorial harmonic polynomials of order n (see eq. ( A.8| )): 

- (n + 2)[n + l^ [^^ yl }# 2 | D ) G Hn(4 

Resumming these local terms gives the nonlocal twist-4 operator as follows 
G ZT ] (°> KX ^ = I dA X5 l (Wfl ~ 2a ^) k ^ x ) , (3.61) 



G[ a f3]n{x 



where, using the integral representation of the additional factor 1/n (the remaining 
factors of the denominator are taken together with to get l/(n + 2)!) and of 
the beta function, we introduced: 



G [aP] (0, kx) = G [a0l (0, kx) + 2^J o J y— J fc i( fc _ !)i [— ) G[af3] KtX ^ 



k=0 

™ r 1 /- r 2 \ k n k fl-t\ k+1> \ 
2x [a d p] xW Yl I dt \—) (fc + l)!fc! (—J \GU0,KTtx). (3.62) 



4 / k\k\ V t 
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Then, by construction, eq. ( J3.61 ) defines a nonlocal operator of twist-4. As is 



easily seen by partial integration it fulfils the following relation 

G^ (m) (0, kx) = G [aP] (0, kx) - Gg,(0, kx) (3.63) 
and, because of eq. ( |3.33|) and the properties of ( |3.62|) , it is a harmonic tensor 



operator: 

DG^ (0, kx) = 0, d"G^ (0, kx) = . (3.64) 
3.3.2 Projection onto the light— cone 

Let us now project onto the light-cone. After the same calculations as has been 
carried out for the operator M*^(0, kx) in Part I we obtain 

^/3] = / dA X5^ a ((xd)8p ] - 2x u dp]) G^^KiXx, k 2 Xx)\ x=x (3.65) 

v 



where the twist-5 part is determined by the trace terms, namely 
G^( Ki x,k 2 x) =- f 1 d\±£{x [a (6%(xd) -xHffiff* 

J 

- xiaS^x^njG^iKiXx, k 2 Xx)\ x= ~ . (3.66) 
Obviously, there exist no vector (and scalar) operators of symmetry type (iii). 

3.3.3 Determination of the complete antisymmetric light— cone tensor 
operator 

This finishes the computation of twist contributions of the antisymmetric light- 
cone tensor operator. The complete antisymmetric twist-4 light-cone tensor op- 
erator obtains from eq. ( |3.65| ) and the twist-4 trace terms of the twist-3 operator, 



eq. ( ggp : 

K 2x) = G[2] (u) (/«ix, k ^) + GJ2] (iu) (kix, k 2 x) 

pi 

= J dA{ A ((xd)6fr - Wdp) 6% - (x^dflxW (3.67) 
+x [a (6 [ £(xd) - x^d p] )d u] - x[ a 6^x v] Dj }g [H (kiAx, k 2 Xx)\ x= ,. 



Furthermore, the complete antisymmetric twist-5 light-cone tensor operator ob- 
tains from eqs. ( |3.49|) and (|3.66|) as follows: 



Gfap](Ki%, k 2 x) = G^p^'faix, k 2 x) + G^[ m) (/tix, k 2 x) (3.68) 
dA^p | x [a 5 [ £x u] n - 2x [a (5 [ £(xd) - x^dpyjd^ \g^ iu] (kxXx, k 2 Xx)\ x=x . 
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Together with the twist-3 part, eq. ( |3.47| ), we finally obtain the complete decom- 
position of the antisymmetric light-cone tensor operator (compare eq. (|3.8|)): 



G[ a /3] (KxX, K 2 x) = Gr^p] (kiX, k 2 x) + G^p] , «2#) + G^ (kix, k 2 x) . (3.69) 

3.4 Tensor operators of symmetry class (iv) 

3.4.1 Construction of the nonlocal symmetric class-(iv) operator of 
definite twist 

Now let us investigate the symmetric tensor operators of the symmetry class (iv) 
which are given by the following Young tableau (with normalizing factor 7„): 





M2 


Ms 




/in 


a 


P 





= AA ^A ASS F^D^.-.D^Fp^)- traces. 

a/ti Pfi 2 aP /ui...jun 

These local tensor operators have twist-4 and transform according to the rep- 
resentation T(^,^)©T(^,^±2). They are given by: 



^-ytw4(iv) 1 (ft s-i _ (-1 

^ a/3/ii. •• /in ~~ (n+l)n \ (a^XW-Mn) (j '(a!/(2)(A«i/3/i3.../i„) <-J(/ii/3)(a/i 2 .../in) 

+ Gr (/ii/i2)(a ( 8/i3.../tn) ) ~ trace terms, 



with G M)(w ... Mn) = F (Q f(0)L> (w . . . D^F^O). Multiplying with x^ . . . x^ we 
obtain: 

/ otw4(iv)/ \ _ «j Mnr rtw4(iv) 
^ (0,8)71 \ / ' ' ' X Lj Q/3/i 1 .../i n 

= {^^(W^W - 2x^x8)5^ + x»x v d a dp)G {Hn (x) . 

o 

Here, G^ u ) n {x) is the harmonic symmetric tensor polynomial of order n (cf. 
Eq. fl^D , Appendix 0): 

GW)n(*) = + ^F^*^ 

~ (n +2 )Wl) ( 2TO («^ y) - ^t^) 

~ (n+2)>+l) (^x^dp^d^ - x 2 d a dpx^d^ 

l (n+3)n f l 2 

+ (n+2) 2 (n+l) 2 \ X <* X P 2 X Soft JO O 

~ (ti+2) 2 V+1) 2 ( 2x2 d(a X /3) + I^ 4 ^^)^^}^^^) . 

Resumming all local operators of symmetry class (iv) and using the integral rep- 
resentation ((n + l)n) _1 = Jq 1 dAA n (l — A)/A gives 



G J3) iv) (°; ™) = [S^px p (xd)d p - 2x"{xd)5 v { pd a) + xVd a dp^ 

x I d\^G ifll/) (0,K\x), (3.70) 
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where G^ v )(0, kx) is given by 
G [aP) (0, kx) = G (aP) (0, rear) + 2^ — J fc! ( fc _ ^; (~ p J ^W) (0, «*a:) 



~ /•! f-x 2 \ D k fl-f 



fc=0 



- [{x a xp-\g a(3 )d»d u (xd) (xd+3) - {2x 2 d {a x (3) + \d a dp)d^d u ] \ dA(l-A) 
00 /•! / ^.2\fc nfe /1 +\ k+1 



X g| d "(— )(jf + TJiiEi(— J 6 «(0,«A te ). (3.71) 
Of course, eq. (|3.70| ) we may be rewritten as follows 

o /*! ° o 

G (S) 1V) (°' KX ) = GW)(0, kx)-2 d\jd {a G^(0, k\x) + / dA^-9 a 9 /3 G(0, kAx), 



which will be used in the further considerations. Contrary to any of the formerly 
obtained symmetric twist-4 tensor operators, this operator is the 'true tensor 
part', i.e., not being proportional to g a p or x a and x@. Obviously, this twist-4 
operator satisfies the conditions of tracelessness 

□G^ iv) (0, kx) = 0, d a G^ v \0, kx) = 0, g a ^p(0, kx). (3.72) 
3.4.2 Projection onto the light— cone 

The symmetric twist-4 tensor operator of symmetry type (iv) on the light-cone 
is obtained as follows 

G^ v \kxX, k 2 x) = (5^x p {xd)d p - 2x»(xd)8 u {p d a) + x»x u d a d^ (3.73) 



X / d\^G( JJiU )(K 1 \x,K 2 \x)\ x= „-G^S(KiX,K 2 x), 

Jo 

where the trace terms of higher twist are given by 

G fa£Q = I dA { (2Ax (a %<9 M - (1 - \)x a x /3 d>*d' / ^G {fMl/) (K 1 \x, k 2 Xx) 

J 

-(jg a pd^ + ^-X( a <yjn - XaXpUd^G+faXx, k 2 \x) 

+ (^9apO+ X( a d P )U- |(^2X~ + \n\^x a x (3 2 ^G(K 1 \x, k 2 Xx) 

+ (^g a p{xd) - \x( a d/3) - ^^x a x^D^G p p (K 1 \x, k 2 Ax)| _. (3.74) 
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The explicit twist decomposition of this operator by means of the Young tableaux 
(i) and (ii) gives 



+ G 
+ G 
+ G 
+ G 
+ G 
+ G 
+ G 
+ G 



tw4 

(a/3 

tw4 
(a/3 

tw4 
(a/3 

tw5 ; 
(a/3 

tw6 
(a/3 

tw6 
(a/3 

tw6 ; 
(a/3 

tw6 
(a/3 

tw6 

(a/3; 



lv)a (/tix, re 2 x) + GjJ) lv)b (KiX, re 2 £) + G^^^x, k 2 x) 

iv)dl / ~ ~\ i ^ytw4(iv)d2 / ~ ~\ , /-»tw4(iv)el / ~ ~\ 



iv)e2 . 



(KiX, K 2 x) + G^ V)i (KiX, K 2 x) + G T ^ V>a (K 1 X, K 2 x) 



tw4(iv)h i 



1V)d (/tlX, K 2 X) + G^jT^faiX, K 2 X) 



iv)a/ ~ — \ i / ^,tw6(iv)b/ ~ ~\ . /-»tw6(iv)c/ ~ ~\ 

K 2 a;) + G (o ^j («ia;, k 2 x) + G (Q/3 j (/cix,« 2 a:) 

iv)dl / ~ ~\ . x~,tw6(iv)d2 / ~ ~\ , / ^ytw6(iv)d3 / ~ ~\ 
(KiX, K 2 Xj + G (Qj gj + (a/3) {K>lX,K 2 X) 



iv)d4 / ~ ~\ i /^»tw6(iv)el / ~ ~\ . ,~,tw6(iv)c2 / ~ ~\ 

(kix, k 2 x) + G (q/ ^ k 2 x) + G^ (/cix, k 2 x) 



)c3 (/tia;, k 2 x) + G|2j lv)e4 (/tiX, k 2 x) + GjjJf^KiZ, k 2 x) 



(a/3) 



iv)h. 



\hnx, k 2 x) + Gj^ ( ) lv)k (/tia;, k 2 x) , 
with the following operators of well-defined twist 

G^™)*( Kl x jK2 fy =g a/3 n / dX^G^Xx, k 2 Xx)\ x= . , 

J 

Q^ y ) h ^ Kl x jK2 x) =x {a d f3) D / dA ^ 2 ^ G(k 1 Xx,k 2 Xx)\ q 



x-ytw4(iv)dl 



and 



(3.75) 



r ,tw6(iv)b/ ~ ~x 

~~ ^(0/3) l Kia: ' K2 ^J , 

p\ 2 

(kix, /t 2 x) =X( Q ,9 / 3)D J dA^i^- + ^^G(kiAx, k 2 A;e)|, 

~tw6(iv)dl, ~ ~N 
(a/3) l^l"^ K 2 X ) i 



(7^6(iv)a^ i ~^ 2 ~-j = _ l XaX/} \j2 dA + In A^ G(«;iAa;, k 2 Xx) \ x= . , 

j o 

G^ y)h (K!X, k 2 x) = - ^x a xpn 2 dA^^ - + ^fjG^Xx, k 2 Xx)\ x=x , 

J 

^tweMdi^^^ = _ ^ XaX ^ D 2 dA^i^- + + ^y^G(k!Xx, K 2 Xx)\ x=i , 

JO 

(kix, k 2 5) = \x a x p U 2 J dx{^^- + ^ + ^jp^G(KiAa;,K2Aa:)| a . = ., 



x-ytw6(iv)d3 
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being related to the scalar operator, as well as 



g£3) 1v)c («i£, K 2x) = - g a pd^ I dXjG^KxXx, k 2 \x)\ x=x , 

o o 

pi 

G Zf) v)d2 ( KlX > K2 ^ = ~ 2x (<* d P) dlx J dX {^2X~ + ^r) G »( K i Xx ' K 2 Xx )\ x=i 



^tw6(iv)d2, _ ~x 
(a/3) l K l X > K 2^J , 

Z" 1 2 

G (3) lv)el («i£>«2£) = x {a d !3 )d lx / dA^— G+(Ki\x, k 2 \x)\ x=x 

J 

r7 tw6(iv)el / ~ _n 

and 

x / dA(^ + ^)G+(KiAx,K 2 Ax)| 



r ,tw6(iv)d3/ ~ ~n r< tw6(iv)d4/ ~ ~x /o 7fi N 

_ Waff) K 2%) — ^(aB) {K 1 X,K 2 X), (6.10) 



'(a/3) \n,i*,n, 2 *j ^ (q/3) 

and 



^S^^^'^^^^a^D^ / dA 1 - 1 ^ G+(/ciAg,/c 2 Aa;)| a= -, 
G (3) lv)d2 («i £ > K 25) = ^XaXpDd^J d\(k^- + ^ + ^)g+(kiAx, «2Ax)| a . =i , 
G ,tw6(iv)d4^ i -^ —^^□^ / dA^^2X" + ^t)g> «2Aa;)| a . = _ , 

G (S) 1V)el ( K i^> K 25) = - \x a x p Ud^ I dA^i^ + ^jG+i^Xx, k 2 Xx)\ x=x , 

JO 



J 

being related to the symmetric vector operator, 

Z" 1 2 

£tw5(iv)e^~^ ^ 2 ~-j =a ,^^^ ;r ^ _ X VQ^QV I dA^— G(^) («i Ax, K 2 Ax)|, 

«/ 

/^tw6(iv)e3 / - ~ \ /^tw6(iv)c4 / - ~\ 

G! (S) lv)e4 («i^>«25) =x a x f3 d> J 'd 1/ / dAi^-G(, u/ )(KiAa:,«2Aa;)| a . = ., 
G tw6(iv)f^ Ki _^ ^ 2 ~^ = _ XaX/3 QHQv / <jA(l _ A) («i Ax, « 2 Aa:)| a . = . , 

«/ 
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being related to the symmetric tensor operator and, furthermore, 



G^) lv)f (/tix, k 2 x) =g a p{xd) / dA^G p p (/tiAx, k 2 Xx)\ x ^ x , 

J 

G ftw4(iv)h^ i -^ = _ / d ^ \G P p {k x \x, K 2 Xx) I - ^2 K2 ^^ ' 

JO 

2 

£tw4(iv)e2^~^ = _ / dA^~ G P p (K 1 Xx, K 2 \x)\ x=s .- G(^ { ) 1V)e2 (KiX, K 2 x) , 



and 



^Sr^l^i*'^) = - \x a xpU I d\^-^G p p (K l \x,K 2 \x)\ x= ., 

Jo 

pi 

£tw6(iv)e2^~^ _ T_ XaX/3 Q / dA^^|- + ^jG P p (KiAx, ^Ax)^. , 

G (^) lv)k ( K i^ ; K 2^) = - \xaXpU / dAA(lnA)G p p (KiAx,/t 2 Ax)| ;c= -, 

v 

being related to the trace of the symmetric tensor operator. 

Here, it should be remarked that, contrary to the former cases (i) - (iii), the 



trace terms ( |3.74j ) contain operators having the same twist, r = 4, as the primary 
operator of symmetry class (iv). However, these operators being multiplied by 
either g a @ or x a and Xp are scalar or vector operators corresponding to symmetry 
type (i). Whereas the local operators resulting from the twist-4 tensor operator of 
symmetry class (iv) are contained in the tensor space T( 2 ^, I ^) © T( 1 ^, ! ^), 
the local operators of the twist-4 scalar and vector operators are totally symmetric 
traceless tensors and, therefore, contained in the tensor space T(~, ~). 

3.4.3 Determination of the complete symmetric light— cone tensor op- 
erators 

Now, having finished the decomposition of a general 2nd rank tensor operator, let 
us sum up the remaining symmetric tensor operators of twist greater than 3, which 
appear in the trace terms of the symmetric twist operators with Young symmetry 
(i), (ii) as well as (iv), to complete twist-4, twist-5 and twist -6 operators. 
The 'scalar part' of the twist-4 light-ray tensor operator is given by 

G^p^Kix, k 2 x) = —g al 3^0 J dX A(ln X)G(kxXx, k 2 Xx) (3.77) 

~{xd) [ dX^G p p {KxXx,K 2 Xx) + d p [ dX XG+{kxXx, k 2 Xx) 
Jo Jo 
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and the 'vector part' of the twist-4 light-ray tensor operator reads 

itw4,v , 



G(aff) K K t X i K 1 X ) 



X[a X 



G(k\Xx, k 2 Xx) 
(3.78) 



{jf dA{ + A In A) d p) + \ Xfli (1=£ + A In A + ^) □} □ 

+ J ^{dp) + |^)(ln X)n^G p p {^Xx, k 2 Xx) 

- j ^{2(1 - X 2 )dp) + \x p) {\ - A 2 + 21nA)n}^Gj(KiAx, k 2 Xx) 

Furthermore, the contributions to the complete 'vector part' of the twist-5 light- 
ray tensor operator are constructed by means of the Young tableau (ii), and 
their local operators are antisymmetric^ traceless tensors contained in the space 
Tf", © T(-^, |). This complete twist-5 tensor operator is given by 



■ 2 ' 2 

G (a/3) K ^ X > 



-X(a X 



1-A 1-A 2 . 1 , A m 2 v 
x G^(kiAx, k 2 Ax) 



- / dA 



l-A 



1-A 2 , In A 



x G^ v )(ki\x, k 2 Xx) 



. (3.79) 



The 'scalar part' of the twist-6 light-ray tensor operator has Young symmetry (i). 
Thus, the local twist-6 operators are totally symmetric traceless tensors lying in 
the space T(^^, ^^). This nonlocal twist-6 operator is given by 

G^ s (kiX, k 2 x) = -x a X/3^D 2 J dx(^j^ + hi X^JG^Xx, k 2 Xx) 

f 1 1-A 2 
— □ / dA 9X G p [KiXx, k 2 Xx) 



2A " p' 

\'2 



+ □ / dX^—^d^G+iKiXx,^) 



d p d v / dX^G^i^Xx^^x) 



(3.80) 



Now, we may pick up all the contributions to the symmetric (traceless) tensor 
operator. Together with the twist-2 part, eq. ( |3.19|) , the twist-3 part, eq. ( |3.50D , 

8 Note that antisymmetry is not in a and f3 but results from the differential operator! 
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and the twist-4 part, eq. ( p.73| ), we finally obtain the following complete decom- 
position of the symmetric light-cone tensor operator (compare eq. (|3.7|)): 



G( a p)(KlX, K 2 x) = G^yfaxX, K 2 x) + G^f^faxX, K 2 x) + G^^^X, K 2 x) 
+ G { a (3) \ K ± X i K 2 X ) + G {cc(3) K 2 X > 

+ G (5) V ( K i 5 > K 2x) + G^(kxx, k 2 x) . (3.81) 

Let us remark that by construction the terms of the first line are traceless, 
whereas the traces of the third line vanish because of antisymmetry and x 2 = 
on the light-cone, respectively. However, the traces of the second line do not 
vanish but restore the trace of the tensor operator, 

Sf^Gapfax, k 2 x) = g^G^i^x, k 2 x) + g^G^^d^x, k 2 x)). (3.82) 

This may be proven explicitly by taking the trace of eqs. (|3.77|) and Q3.78Q , using 
(xd) = Xd\, performing partial integrations and observing the equality 

(g a/3 - 2d a x? + [l/2)Ux a x p )G {a p ) (K l \x, k 2 \x)\ x=q = . (3.83) 

Herewith, the twist decomposition of a generic bilocal 2nd rank light-ray tensor 
operator is completed. In the next Chapter we show how this general formalism 
may be applied also to tri- and multi-local light-ray operators. 



4 Extension to trilocal tensor operators 

The procedure reviewed in Chapt. 2 for bilocal operators may be extended to 
trilocal operators, too. These operators occur in higher twist contributions to 
light-cone dominated processes and, additionally, as counterparts in the renor- 
malization of such higher twist operators which have been obtained in Chapt. 3. 
In the following we consider various trilocal operators of minimal twist-3 and 
twist-4. The local versions of such higher twist operators have been considered 
already in the early days of QCD in systematic studies of deep inelastic scattering 
Hl9| , p0[] and on behalf of giving some parton interpretation for the distribution 



amplitudes [EH], E2|. Various studies of local twist-4 operators determined their 



anomalous dimension matrices and the behaviour of their structure functions |23| . 



The relevance of local twist-3 operators for the structure function g 2 of polarized 



deep inelastic scattering is also well-known |p4] , p5| . If written nonlocal all these 
operators are necessarily multilocal. However, nonlocal higher twist operators 
have been extensively used only in the study of the structure function g 2 |13|, [2(J 
and of the photon and vector meson wave functions |27|, p8fl . 

Here, our main interest is not to give an exhaustive study of the various scat- 
tering processes but to present the twist decomposition of some characteristic 
multilocal operators. 
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4.1 General trilocal tensor operators: Quark— antiquark— 
gluon, four— quark and four— gluon operators 

This Subsection is devoted to the consideration of trilocal operators which share 
the same twist decomposition as the gluon operators G a p (or their (anti) symmetric 
parts). We call them unconstrained because their truncation with x a x 13 does 
not vanish identically. For compact notations, we will introduce the following 
abbreviations: 

r * = {!> 75>, T* a = {j a , 757a}, = Wap, 75^/3}, F^, = {F^, F^} . 

4.1.1 Quark— antiquark— gluon operators 

First, we consider the following quark-antiquark-gluon operators,^ 

V%p(KiX, tx, k 2 x) = ^{kxx)U{kxX, Tx)V a P F^ p (Tx)U(TX, K 2 x)i>(K2X) , (4.1) 

and 

W^(k\X,tx, k 2 x) = ^(k^U^ix^tx^F^tx^^x, k 2 x)iI)(k 2 x) , (4.2) 

whose minimal twist is r m i n = 3 and 4, respectively; they have the same symmetry 
as the gluon tensor operators G a p and G[ a p], respectively. 

In order to be able to apply the general procedure of Chapt. 2 as well as the 
results of Chapt. 3 we have to verify the local structure of these trilocal operators. 
Let us study, for example, the first of the above quark-gluon operators, V^l, in 
some detail and Taylor expand its three local fields around y — 0: 

V^(k 1 x,tx,k 2 x) = 

= iJ)(kix)U(kiX, 0)U(0, rx)a a p F/3 p (tx)U (tx , 0)U(0, K 2 x)ip(n 2 x) 

ni,m,n2=0 

oo / N n n _£ 

N=0 \n=0e=0 

where the left and right derivatives are given by eqs. (|2.7p , and 

D^F aP = d, t F aP + xg{A^ F a/3 ] . (4.3) 
This leads to the following expansion into local tensor operators 

oo ^ 

V${K lX , TX, K 2 X) = jyi^ 1 • • • X m V*l^ N (^ T, K 2 ) , (4.4) 

AT=0 

9 For simplicity we restrict to the nonsinglet case and suppress flavour matrices. 



0"„ 



{xD z ) m F Pp {z) [xD y \iP(y) 



ii=z=C\ 



(TxD) N - n F Pp (0)(K 2 xD)U(0) 
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where 



V aPvx... m ( K i, T ' K 2) = V>(0)<7 a " D [|Sp]w ... mjv (k 1 ,t,« 2 )^(0) , (4.5) 

and the field strength-dependent generalized covariant derivative of iVth order is 
given by 

V[f3p]» 1 ... m (Kl,T,K 2 ) = (4.6) 
N 

. — . ,■•<-'-— — \..„ r 

±1 n n 



wiW^LS 5 



(n— Zj! Mi' - ' Mn-£ pV— n)! 

n=0 £=0 



Obviously, if the field strength were not present this operation would reduce to the 

product D^Kx, n 2 ) . . . D m (Ki, k 2 ) of generalized derivatives (|2.7| ) introduced in 
Chapt. 2. Furthermore, for r = we are left with a more simple expression which, 
however, cannot be reduced to the iVth power of some extended derivative because 
F is equipped with some matrix structure. Anyway, the local tensor operators 
(^4.5| ) of rank iV + 2 with canonical dimension d = N + 5, which are given as a sum 
of |(iV + 1)(N + 2) terms, have to be decomposed according to their geometric 
twist. In principle, this has to be done term-by-term. But, because of the linearity 
of that procedure we are not required to do this for any term explicitly. 

Due to the same general local structure of V^i and - which is governed 



by Taylor expansions completely analogous to eq. (4.4) - their decomposition into 
terms of definite twist leads to the same expressions as we obtained in Chapt. 
3 but with G a/ 3 and Gy a p\ exchanged by and W^, respectively. The only 
difference consists in a shift of any twist by one unit, r — > r + 1, in the various 
inputs of Table 1 and 2 below. 

In contrast to the operators V and W the quark-ant iquark-gluon operators 

O l £p(Kix, rx, k 2 x) = x p i/)(kix)U(kxx, rx)Y % a Fp p {Tx)U \rx , k 2 x)%1)(k 2 x) (4.7) 
and 

C'^(kix, tx, k 2 x) = x p x (T iP(k 1 x)U(kix, Tx)T l ap Fp a (Tx)U(Tx, k 2 x)iI)(k 2 x) (4.8) 

are special, namely, despite of their arbitrary symmetry with respect to a and /3 
they vanish identically if multiplied by x 13 and x a or or, respectively. Therefore, 
they show some peculiarities which will be treated in Subsection 4.2. 



4.1.2 Four— quark and four— gluon operators 

Let us now consider trilocal operators which are built up from four quark or four 
gluon fields. We denote them by with 1 = and 1 = 2, respectively (here, 
/ counts the number of external x's of the operators): 

I=0 ^ (3 (kiX,tx,k 2 x)= (4.9) 
= ( ip(Kix)T l a U (n±x, rx)ip(rx)) ( iP(tx)U(tx, k^T^i/j^x)) 
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as well as 



I=2gij 



R\K>lX, TX, K 2 X ) = X r X 



Pfr .a I=2gij 



apcrf3 



KiX, TX, K 2 X J 



(4.10) 



x p x° ( F aix ( Kl x)U( Kl x, tx)F^(tx) ) ( F>"(tx)U(tx, k 2 x)F Pv (k 2 x) 



Both sets of operators have minimal twist r m i n = 4. Their local versions have 
been already considered by various authors, see e.g. P9| . The explicit form of the 
local operators will be given below. Because there are no restrictions concerning 
the free indices a and f3 the Young patterns (i) - (iv) are involved. The twist 
decomposition may be performed along the lines of Chap. 3 and, as in the foregoing 
cases, the outcome will be almost the same as for G a p. Again, the difference is 
that now the value of twist raises by two units, r — > r + 2, relative to the gluon 
operators shown in Table 1 and 2 of the Conclusions. In addition, because of the 
change in the external x-factors (not being accompanied by A) the measures of 
the A-integrations have to be changed according to (see also Subsection 4.2) 



dA — >dAA'. (4.11) 

Open, up to now, is the structure of the local operators. Let us study in detail 
: first of the four-quark ope 
written in two equivalent ways: 



the first of the four-quark operators, 1 °Q^j 3 , whose Taylor expansion may be 



1 °Q"fl(Kia;,rx, k 2 x) 



( tp(Kix)'j a U(Kix, 0)U(0, tx)iI>(tx)) (iI>(tx)U(tx, 0)U(0, K 2 x)^p1p(K 2 x)) 



rii, m, 712=0 

oc 



ni=0 



n 2 =0 



y=z=0 



2 = 



where the two possibilities also use different generalized covariant derivatives. The 
left, right and left-right derivatives are given by eqs. (|2.7|) , and, treating ijj(0)xjj{0) 
as a matrix in the group algebra, another form of the derivative obtains: 

d, (v(o)^(o)) = d, (mm) + i 9 [A„ (mm)) 
D,m)m+m(mD 



(4.12) 



This leads to the following expansion into local tensor operators 



oo ^ 
N=0 



X 



P-N J"=0Q*i 



where 



I=0Qlj 



[ki,t, k 2 ) = ^(0)7 Q D 



111... /J.N 



(4.13) 
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and the quark field-dependent generalized covariant derivative of Nth order is 
given by 

N 

D W ..^(« X) r, k 2 ) = • • • D^(0) x ^(0)S Mn+1 ...D m (4.14) 



n=0 

AT n 



n-lf. 



= £ ^ £ • • ■ D^T^tm ^ ■ ■ ■ D ^ m 

n=0 £=0 

N ~ n _ <_ «_ fe iV-n-fe -> -» 

x E/ • • • -D[M n+k j t u N ' 2 _ n _^\ D^ n+k+1 . . . D fMN . 

k 

Analogous generalized covariant derivatives occur for the four-gluon operators. 
The only difference will be that instead of the quark fields corresponding gluon 
field strengths appear in (|4.14f ), and that the derivatives are to be taken in the ad- 
joint representation. Despite having a complicated structure this does not matter 
in the twist decomposition of the trilinear operators Q^ai^ix, tx, K2X). 

Let us finish this Subsection with a short remark concerning so-called four- 
particle operators which also have been considered in the literature for local op- 
erators. These operators have the general structure, cf. |2T], PU| 

$Uip)$Uip), (^UFUFUip) or (FUFUFUF), 

with any field being located at a different point KiX,i = 1, . . . ,4. The expansion 
into local tensors is obtained in the same way as above, leading to a general 
expression of the following form: 

OO j 

N=Q 

where the terms with equal value of N are given as well-defined sums of local 
tensor operators. Any of these operators decompose in the same manner into 
irreducible representations of the Lorentz group. The latter result is immediately 
related to the fact that all indices /ii . . . hn are to be symmetrized, i.e., lying in 
the first row of any relevant Young tableau! Different symmetry classifications 
solely depend on the distribution of the remaining indices af3p . . . a - the others 
being somehow truncated - to the various Young tableaux. As long as only up to 
two free indices a(3 are relevant the twist decomposition takes place according to 
the results of Chapt. 3, eventually modified by the power X 1 which is related to 
the number of external x's in I 1Z. In addition, the twist of the various components 
may be shifted by some (equal) amount. 

4.2 Constrained trilocal operators: Shuryak-Vainshtein— 
and three— gluon operators 



Now we consider the special quark-antiquark-gluon operator O^ , eq. (|4.7| ), and 



related three-gluon operators both having minimal twist-3; they will be denoted 
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by i 1 ^Jk\X^tx,K2x) with 1 = and 1 = 1, respectively. The quark-antiquark- 
gluon operators are given by 

I= *&ap(K>lX,TX,K2x) = X 9 I=Q O l ^ p {K\X,TX ,K 2 x) (4.16) 
= X P i>(KiX)U(KiX ) Tx)Y % a F :, p p (Tx)U(TX, K 2 x)ip(K 2 x) , 

where again some possible flavour structure has been suppressed. These operators 
are related to the following generalizations of the so-called Shuryak-Vainshtein 



operators [25, |TJ 



Sq{kix, tx, k 2 x) = x a ( ! \D^(kix, tx, k 2 x) ± i 1 \) 2 ^{k\x, tx, K 2 x))x a , 
which, in the flavour singlet case, mix with the following three-gluon operators: 

^Oip^X, TX, K 2 X) = X P X a ^Ip^i^X, TX, K 2 x) (4.17) 

= x p x a F^faxW^Kix, Tx)F* b p c (Tx)U cd (Tx, k 2 x)F* v {k 2 x) , 

where F^L{x) = f acb F^{x) and the phase factors are taken in the adjoint repre- 
sentation. 

Because of their construction these special trilocal operators have the property 

x 13 TX, k 2 x) = . (4.18) 

They contain twist-3 up to twist-6 contributions which, because of the antisym- 
metry of the gluon field strength, have to be determined by means of the Young 
tableaux (ii) - (iv). Because of ( [4.1 8| ) the scalar operators x a x 13 t O^JkiX, tx, k 2 x) 
vanish identically. 

The Taylor expansion of the operator i=0 O^Jk\x, tx, k 2 x) reads 

/=( to5(« 1 x J rx J « 2 x) = E m*" ■ ■ ■ X " NxP I= °° 1 ^-^ r ' ^ » ( 419 ) 



N=0 



with 

j=anli 



^p W ...^(«i^ ) «2)=V'(0)7aD [ ^ ]w ... w (« 1 ,r,K 2 )V'(0), (4.20) 



where the field strength-dependent derivative already has been given by ( |4.6|) . 
The Taylor expansion of the related three-gluon operator obtains as follows: 



OO ^ 

1=1 0^{k x x, tx, k 2 x) = J2 ^ ■ ■ ■ x m x p x° I=1 Oa^... m (^ T > «a) (4-21) 

N=Q 

where 

I= ^ap P ^... m (Ki, r, «a) ^(OJD^^, t, k 2 )F^(0) , (4.22) 
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with the same field strength dependent generalized covariant derivative ( [4. 6[ ) , but 
now in the adjoint representation. The generalization arbitrary values i and j is 
obvious. 

As it became obvious by the above considerations all the nonlocal three- 
particle operators T 0^g have the same general local structure and, therefore, de- 
compose according to the same symmetry patterns. They only differ in the rank 
of the local tensor operators which is due to the external powers of x. Again, this 
must be taken into account by a change of the integration measure according toQ 

dA — ► dAA m . 

From now on we omit the indices % and j. 

In order to determine the twist-3 light-cone operators ^^(kxX, tx, k 2 x) for 
1 = and I = 1, let us consider the following Young tableaux of symmetry pattern 



p 


Ml 


UN 


a 




p 


<7 


Ml 


[tjv 


a 











and 


fi 





(iiB) 



I 0^{^ 1 X,TX,K 2 x) 



\l dA A 7 



respectively: 
( 1 + A 2 ) 6%d a + (1 - A 2 ) 6£dp\ 'O^kx Xx,tXx,k 2 Xx) 



Z Og TX, K 2 x) + («1X, TX, k 2 x) ; (4.23) 

here, and in the following, we write Ou = x p O piL . Let us remark that, first, because 



MM' 



of property ( 4.18 ), only the above mentioned Young tableaux contribute and, 
second, the difference between the expressions (jgg ) and (jOD result also from 
that property, namely the truncation by x p in the second term of the integrand, 

o o 

—x ,J 'd ,dp O il {K\x,Tx,K2x) = 25( a d l 3) I O fJj (Kix, tx, k 2 x), after partial integrations 
leads to the above expression (|4.23|) . In the case 1 = this operator is in agreement 
with the expression given by Balitsky and Braun (cf. eq. (5.14) of ||13|| ). However, 
their operator lacks to be really of twist-3 since it is not traceless; therefore it 
contains also twist-4, twist-5 as well as twist-6 operators resulting from the trace 
terms. 

Now, let us to project onto the light-cone. As in the case of the gluon tensor 

o 

only the first terms, k = 0,1, 2, in the expansion of ^^(kiXxjtXxj^Xx) are to be 
taken into account. For the antisymmetric part of the twist-3 operator one gets 



[a ^KlX,TX, K 2 X) 



/ dA X 2+I dyJO ^{kiXx , tXx, k 2 Xx) — t O^^ (kxx : tx, k 2 x) 

J 

(4.24) 



where 



\ ^ dA A 1+/ (l - A) {2x [a d^ - x [a 6%p) 

d 



x ^^(kxXx, tXx, k 2 Xx) I 



(4.25) 



10 Observe, that because of notational simplicity in the explicit expressions below we shifted 
the variable 
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The decomposition of t O^J^(k,iX, tx, k 2 x) arises as 
with 

J0tw4(ii)^~^ ^ = l^^^^i / d ^ _ ^ lQ^ Kl \ Xj T \ Xj K2 Xx) \ x= . , 

Jo 

I O t ^ n \K 1 x,Tx,K 2 x) = - \x [a (5^(xd) -afdpfin 

x f dAA / (l-A) 2/ C M (/tiAx,rAx,/t 2 Aa;)| ;c= .. 
Jo 

The symmetric part reads 
^(^9)( K i^) K 2^) — d\ A / 9( Q! / C /3 )(/tiA5, rA5, k 2 A5) - ^^(kiZ, t5, k 2 x) 

*/ 



(4.27) 



where 
//n>(") 



'0^](k 1 x,tx,k 2 x) = TdAA^^l - X 2 )g a pd^ + \{l - X)5^ X/3) n (4.28) 
+A(1 - X)x (a d 0) & 1 - |(1 - A) 2 x Q ^n} / ^(/ tl A a ;,rA a ;,/ t2 A a ;)| ;E= .. 
Let us remark that the conditions of tracelessness for the light-cone operators are: 
g^ I O%$ ) (K 1 x,TX,K 2 x) = 0, d aI O t ( ;l ) (K 1 x,rx,K 2 x) = 0, 

d aI O t ^ ] {K 1 X,TX,K 2 x) = 0. 

Now we can calculate the twist-3 vector operator from the twist-3 tensor 
operator. The twist-3 light-cone vector operator reads 



j ^ w3 (kix, tx, k 2 x) = [ dX A 2+/ \6£(xd) - x»d a - x a d>A ^(kiAx, tXx, « 2 Aa:)| 

= 7 O a (/tiX, rx, k 2 x) -x a dX X 2+I d» 'O^Xx, tXx, « 2 Aa;)| , (4.29) 

Jo 

and the twist-4 vector operator which is contained in the trace terms of the twist-3 
vector operator 

iq%*W( Ki x, tx, k 2 x) = x a I dX X 2+I d" 'O^Xx, tXx, k 2 Xx) I . (4.30) 

Jo 

The determination of the antisymmetric twist-4 operator having symmetry 



type (iii) obtains from Young tableaux 



p 


Mi 


UN 


p 


a 


















a 




and 


a 
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respectively. Again, making use of property ( J4.18 ), the result is 

j>«tw4(iii) 



0™Bi in> (Kix,rx, k 2 x) = / d\\ 2+I 5n(xd)5p ] -2x u d /3 ]) I 0[ flu ](K, 1 \x,T\x,K,2^x)\ 

Jo 



twist-5 part is determined by the trace namely with 



(4.31) 



7^tw5(iii) 



a/3] 



dAA 7 (l - X 2 )lx [a (8^(xd) -x^d p] )d u] 



- x^S^x^D yOi^KiXx, t\x, k 2 Xx)\ 



(4.32) 



The antisymmetric twist-5 tensor operator is given by: 

^^(kiX, tx, kx) = J C^| tx, kx) + 7 C^ (m) (fi;ix, tx, kx) 

= 4i[aK(i9)-^)n/ dAA / (l-A) 2/ ^(/ tl Ax,rAx, « 2 Aa;)| !e= . 

JO 

- jf dA A J (1 - A 2 ){x [a (^(x9) - xH^dfi 

- X[J^ ] x v] nyOi^{K 1 \x,T\x,K2\x)\ x= ,. (4.33) 

Finally, we obtain the complete decomposition of the antisymmetric tensor oper- 
ator: 

7 e>[ a/3 ](KlX, TX, K 2 x) = / 0|^ ] (ll) (KiX, TX, K 2 x) + ^^^(^X, TX, K 2 x) 

+ ^ (a) (/cix, rx, k 2 x) + 'O^i^x, tx, k 2 x). (4.34) 
The determination of the symmetric twist-4 operator having symmetry type 





p 


in 




UN 


P 


a 


m 


UN 


iv) obtains from Young tableaux 


& 


a 


and 


P 


a 





respectively. Making use of property ( |4.18| ) the result is 



7^jtw4(iv) 



(ap) 



(kiX, tx, k 2 x) 



dA X\l - X)i^^x%xd)d p - 2x^(xd)8^d a) yO i ^ ) (K 1 Xx,T\x, K 2 Xx)\ 

where 



(4.35) 
(4.36) 



^dX^(2X 2+I x ( J u p) d^ - A 1+/ (l - X)x a x p d IM ff ,> j I O iltl/) (K 1 Xx,TXx, k 2 Xx) 
- |(A^a/3^ + A 7 (l - X 2 )x { J^n - |A / (1 - A) 2 x Q x /3 n^ / M (/€ 1 Ax,rAx, k 2 Ax) 
^A / (7 Q s(a;(9) — A 2+/ a;( a <9/3) — ^A 2+/ (ln X)x a XfsDyO p JkiXx, tXx, k 2 Xx) \ 

/ J x=x 
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Now, we use the property ( |4.18| ) and sum up the symmetric higher twist opera- 
tors, which appear in the trace terms of the symmetric twist operators with Young 
symmetry (ii) and (iv), to a complete twist-4, twist-5 and twist -6 operator. The 
complete twist-4 operators are constructed by means of the Young tableau (i). 
The 'scalar part' of the twist-4 tensor operator is given by 



//'/-\tw4,s/ ~ ~ ~\ 
°(a/3) {KlX,TX,K 2 X) - 2 



l^a/sio^) J dA A 7 i O p p (ki\x, tXx, k 2 Xx) (4.37) 
-0" I dAA 2+// 0^(K 1 Ax,rAx,/t 2 Ax)) 

Jo J x=x 



and the twist-4 'vector part' reads 

{KlX,TX,K 2 X) = - 



— J dA A 7 |9/3) + |x^)(ln A)n| / O p p (/tiAx, tXx, k 2 Xx) 
J dA A 7 | (1 - A 2 ) dp) + \x P ) (1 - A 2 + 2 In A) d}^ ^faXx, tXx, k 2 Xx) 



(4.38) 

Furthermore, the complete twist-5 vector operator is again constructed by means 
of the Young tableau (ii). The 'vector part' of the twist-5 tensor operator is given 
by 



7/r\tw5,v/ ~ ~ ~\ 



X (q X 



(4.39) 



\ [ dXX 1 {l-X) 2 {5 v (3) (xd)-x u dp ) -x p) d u )U I O v (K 1 Xx,TXx,K 2 Xx) 
Jo 

pi 

-J dA A 7 {(l - A 2 ) (6fa(xd) - x v d p) - x 0) d u )d" - - A 2 ) + In A^Dd'v} 

x i 0^ v )(k 1 Xx,tXx,k 2 Xx)> 

J x=x 

The full twist-6 scalar operator has Young symmetry (i). The 'scalar part' of the 
twist-6 tensor operator is given by 



i/7-\tw6,S / ~ ~\ ~ 



xp^nj dA X 1 (1 - A 2 ) ln(A) 7 O p p (/€iAx, tXx, k 2 Xx) 

-jD9" I dAA 7 (l- A) 27 At (/tiAx,rAx,/t 2 Ax) 
Jo 

+ d"d v dA A 7 (l - A) 7 ( ^) (k x Xx, tXx, k 2 Xx) j 



(4.40) 



Thus, together with the twist-3 part, eq. ( f4.27|) , and the twist-4 part, eq. ( |4.35| ), 
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we finally obtain the complete decomposition of the symmetric tensor operator: 

i O(a / 8)(«l^, TX, K 2 X) = ^^^(KiX, TX, K 2 x) + {k X X, TX, K 2 x) 

+ {a ^ {K-lX, TX, K 2 X) + {a ^ [KiX, TX, K 2 X) + O ^ [KtX, TX, K 2 x) 

+ i O^(k 1 x,tx, k 2 x). (4.41) 



5 Conclusion 

Let us shortly summarize our results. Making use of the tensorial harmonic 
polynomials up to rank 2 we determined for the first time and in a system- 
atic way the various contributions of definite twist for a generic bilocal 2nd rank 
tensor operator G a p(n\X, k 2 x) as well as its symmetric and antisymmetric parts 
G( a/ 3)(KiX, n 2 x) and G^^ix, k 2 x), respectively. In addition, we determined the 
related vector and scalar operators which occur by truncating with x 13 and x a x@ 
or g a P, respectively. All these operators are harmonic tensor functions. By pro- 
jection onto the light-cone we obtained the decomposition of a generic bilocal 
light-ray tensor operator of 2nd rank - and its reductions to (anti) symmetric 
tensors as well as the related vector and scalar operators - into operators of 
definite twist. In order to make the main results quite obvious we summarize 
them in Table 1 and 2. There, we indicate the different twist contributions to 
G a p(nix, n 2 x) = G( a/ 3) n 2 x) + G[ a /3](Kix, k 2 x) by their symmetry type (i) up 
to (iv) and the number of the corresponding equations of Chapt. 3; in the second 
half of the tables the contributions from the trace terms are shown. 

These expressions also apply to generic trilocal light-ray operators. The only 
difference is that the respective values of twist increase by a definite amount which 
is equal for any given operator and possibly, depending on the number / of external 
x-factors, by a change in the integration measure, dA — > dA X 1 . The applicability 
of our procedure which has been described in Chapt. 2 for bilocal operators rests 
upon the fact that the general form of the Taylor expansion (around y — 0) for 
any of the nonlocal operators is the same: It is given by an infinite sum of terms of 
iVth order being multiplied by 00 00 • • • 00 MJV where each term consists of a finite 
sum of local operators having exactly the same tensor structure. In principle, this 
works also for multi-local operators of higher order. 

However, there are special trilocal operators which do not immediately fit 
into the general scheme of Chapt. 3. An example of such operators has been 
considered in Chapt. 4 on the same line of reasoning as for the generic case. 
Its twist decomposition is obtained by restricting the expressions of the generic 
case to the special conditions under consideration. The results are classified in 
Table 3 and 4, again by indicating their symmetry type and the number of the 
corresponding equation. In the same manner one should proceed for other kinds 
of special multilocal operators like that of eq. ( |4.8|) . 

The present study made also obvious how difficult an exact treatment of higher 
twist contributions will be. There is a complicate interplay between the higher 
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Table 1: Twist decomposition of general tensor operators G a p = G( a p) + G[ a p] 



Eq. 


YT 

J. _L 




"[a/9] 


|3-19| 


W 


T = 2 






3.50 


{ n ) 


T — O 






3.47 


(ii) 




r = 3 




3.65| 


(iii) 




r = 4 




3.73| 


(iv) 


T = 4 






3.77| 


(i) 


r = 4 






3.78 


(i) 


r = 4 






3.67 




(i) 




r = 4 




3.79 


(ii) 


T = 5 






3.68 


(ii) 




r = 5 




3.80 


(i) 


r = 6 





Table 2: Twist decomposition of general vector operators G a = G( Q ») + 



Eq. 


YT 


G( a .)(nix, k 2 x) 


G[ Q! .](ki£, k 2 x) 


|3.24j 


(i) 


T = 2 




3.52 


(ii) 


r = 3 




3.53 


(ii) 




r = 3 


3.58 


(i) 


T = 4 




3.56 


(i) 




r = 4 



twists resulting from different symmetry types and the corresponding trace terms. 
The results also suffer from the equations of motion (EOM) which are frequently 
used in the applications because they do not contribute between physical states 
El 



The twist decomposition of these EOM operators 

E M Or(^ix, k 2 x) = iP(kix)TU(kix, k 2 x) \Jp — m ip(K 2 x) 

— ip(Kix) \Jp-m rU(KiX,K 2 x)ip(K 2 x), T — {1, 7 a , a a p} 



is analogous to the corresponding quark operators Or(niX, k 2 x) which is given 
in ||. The only difference is that for the equation of motion operators the canon- 
ical dimension and the twist raises by one unit. 

The various tensor operators which we considered here are nonlocal generaliza- 
tions of local operators already considered earlier in the literature for twist— 3, cf. 
33|, and twist-4, cf. [53]. There, as far as possible an explicit twist decomposition 



has been circumvented by truncating any of the (constant) totally symmetrized 
tensor indices of the local operators by some light-like vector n M , i.e., by reducing 
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Table 3: Twist decomposition of special tensor operators J Ql a with the property 
x p 7 Q/3 = 



Eq. 


VT 


type 




|4.27| 


/• *\ 

(") 


sym 


T = 3 




4.24j 


(ii) 


asym 


T = 3 




4.31] 


(hi) 


asym 


T = 4 




4.3.5| 


(iv) 


sym 


T = 4 




4.37 


(i) 


sym 


r = 4 




4.3«| 


(i) 


sym 


r = 4 




4.27 


(i) 


asym 


r = 4 




4.39| 


(ii) 


sym 


r = 5 




4.33j 


(ii) 


asym 


r = 5 




4.4C| 


(i) 


sym 


r = 6 



Table 4: Twist decomposition of special vector operators ! O a with the property 
x a I O a = 



Eq. 


YT 


J O a (KiX, TX, K 2 x) 


|4.29| 

4.30 


(ii) 
(i) 


T = 3 
T = 4 



to the scalar case. To the best of our knowledge the only work where the twist 
decomposition of (scalar) bilocal operators has been considered is that of Balitsky 



and Braun |T3|. However, their work is based on the external field formalism and 
does not have an obvious group theoretical systematics. 

In principle, our procedure may be extended also to tensors of arbitrary high 
rank. Despite being defined by an obvious algorithm, its application to the next 
step, the twist decomposition of a generic 3rd rank tensor operator, will be very 
cumbersome. First of all, it would be necessary to determine the projection op- 
erators onto all traceless 3rd rank tensorial harmonic polynomials and, secondly, 
also additional Young patterns had to be taken into account. Fortunately, such 
kind of nonlocal operators - at least in the near future - may not be of physical 
relevance. Therefore, any further study in that direction seems to be reasonable 
only from a group theoretical point of view. 

However, another observation deserves mentioning. This is the appearance of 
the inner derivation on the cone and its relation to the conformal group. The 
inner derivative not only may be used in defining the property of tracelessness 
of the nonlocal light-ray operators. In some cases it is possible to construct the 
nontrivial tensor operators by applying (products of) the inner derivative on the 
scalar light-ray operators. Therefore, it seems to be of immediate value for a 
more direct determination of the complicated expressions obtained here and for a 
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simplification of our procedure. 
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A Harmonic tensor polynomials 

In this Appendix we derive the operators projecting onto the traceless part of 

- completely symmetric tensors of rank n, T( Atl ... Atn ), 

- tensors T a ( Atl ... /Jn ) of rank n + 1 being symmetric in n of its indices, 

- tensors TLgiQ^ -Atn ) of rank n + 2 being symmetric in n and antisymmetric in 
two indices, and 

- tensors T( Q/ 3)( m ... Mn ) of rank n + 2 being symmetric in n and, independently, 
symmetric in two indices. 

In order to construct vector and tensor polynomials corresponding to T Q ( /J1 ... Atn ), 
2~[a/3](Aii...Ai„)5 an d ^(a/3)( A ti... A t n ) we generalize the homogeneous polynomial technique 
which is well-known in constructing irreducible representations of the orthogonal 



groups and which has been used for two-point functions by Todorov et. al. |H 
and in the scalar case by Nachtmann [HJ. To achieve this we use the fact that, 
after contracting the indices of the symmetric part with some vector x, the re- 
sulting scalar, vector and (anti)symmetric tensor polynomials of order n obey the 
following conditions of tracelessness: 

UT n {x) = 0, (A.l) 

UT an {x) = 0, d a T an (x) = 0, (A.2) 

OT [aP]n (x) = 0, d a T [a0ln (x) = 0, (A.3) 

DT [a(3)n (x) = 0, d a T {a/3)n (x) = 0, g al3 T (af3)n (x) = 0. (A.4) 

A solution of the first three sets of equations already have been given in Part I. 
Below, for the readers convenience we list them for arbitrary dimensions D = 2h. 
In Chapt. 3 they will be used for D = 4. In addition, we also solve the last 
set of equations; these symmetric harmonic tensor polynomials are wanted in the 
consideration of symmetry type (iv) of Chapter 3.4. 



(i) The solutions of eq. ( A.l ) are the (scalar) harmonic polynomials of order n 
corresponding to symmetric traceless tensors of rank n. They are given by (see 
e.g. 0, Chapter IX) 



T n (x) = H% h \x 2 p)T n {x) (A.5) 
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with the harmonic projection operator 

[i±] 



(_!)*(„ + h-k- 2)! __ 2fe , 



fc=0 



4 fc fc!(n + /i-2)! 



(A.6) 



(ii) The solutions of eqs. ( A..2 ) are the harmonic vector polynomials T an (x) of 
order n corresponding to the traceless tensors T a ( Ml ... M „), i.e., -D harmonic polyno- 
mials transforming as a vector under SO(D). They are given by 



(h+n-l)(2h+n-3) 

H% h \x 2 \n)T Pn {x). 



(h-2 + xd) 



x, 



t dP - \x 2 d a d 



(A.7) 



After contraction with x a the scalar harmonic polynomial T n+ \{x) obtains. 

(iii) The solutions of eqs. QA.3] ) are the antisymmetric harmonic tensor polyno- 

o 

mials T[ a p] n (x) of order n. They are given by 



T 



a,0\n 



X 



(/i+n-l)(2/i+n-3) C 1 2 + x<9) (x^Jjd 1 ' 1 Jz 2 ^^^ 
- (/ t+ n-l)(2/ t+ n-4)(2/ t+ n-2) ^[^^l^ [M ^ ] }^ (^< D ) T HnW ■ (A.8) 
(iv) Now we want to determine the symmetric harmonic tensor polynomials 

o 

T( a j3) n (x). Its general structure is as follows: 

T { a/3)n = {Sffi + a n g Ql3 x^d^ + b n x (a 8^ + c n x {a x^d^d p) 

{v d^d a d p + f n x 2 x (a d p) d^ 
+ g n x a x^d v + k n x 2 g a ^d v + Inx^dpd^f^ix) (A.9) 

with the partially traceless polynomials 

f^ )n (x) = (Sffi - ± g^)H^{x 2 \U) T (pa)n (x). (A.10) 
It holds by construction 

Of {lMu)n (x) = 0, g^% v)n {x) = 0. (A. 11) 

From eqs. ( A.4j) the following system of linear equations for the nine unknown 
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coefficients results: 




= 


(n - l)c„ + b n + 2ha n 


= 


d n + g n + iji - 2)f n + 2hk n 


= 


2(h + n - 2)d n + c n + b n 


= 


2(h + n - 2)e n + c n 


= 


2(h + n-2)f n + c n + 2g n 


= 


2(h + n- 2)k n + a n + g n 


= 


A(h + n- 3)l n + f n + e n 


= 


(2h + n)b n + 2(n - l)d n + 2a n + 2 


= 


(2h + n)c n + 2d n + 2a n + 4(n — 2)e n 


= 


(2h + n)f n + 2k n + d n + 8(n - 3)l n + 2e n 


= 


2(2h + n- l)g n + Ak n + c n + 2(n - 2)f n + b n 



Its unique solution is 

h + n-2 
Qn ~ (h-l)(h + n)(2h + n-2Y 

h(h + n-l)-n + l 
n (h - l)(h + n){h + n - l){2h + n - 2) ' 

h + n-2 

° n ~ (h - l)(h + n)(h + n - l)(2h + n - 2)' 

h(h + n-l)-n + 2 
n ~ (h-T)(h + n){h + n- l)(2h + n - 2) ' 

1 

6 " ~ {h - l){h + n){h + n - l){2h + n - 2) ' 

+ n - 4) - 2(n - 3) 
^" ~ l)(/i + n)(/i + n- l)(2/i + n-2)(2/i + n-3)' 

+ n - 1) - n + 3) (h + n - 2) 
9n ~ (h- l)(h + n)(h + n- l)(2h + n - 2)(2h + n - 3)' 
h(h + n - 3) - 2n + 3 + \{h + n)(h + n - 1) 

kn = ~ (h-l)(h + n)(h + n-l)(2h + n-2){2h + n-3y 

h-3 

n ~ (h-l){h + n){h + n- \){2h + n - 2){2h + n - 3) ' 
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In the case D 



= 4 these coefficients simplify; they are given as follows: 



n 



(n + 2) 



n 



(n + l)(n + 2) 2 '' 
1 



b n = -2 

dm 



n{n + 3) 



(n + l)(n + 2) 2 ' 
4 + n 



9r, 

^7, 



(n + l)(n + 2) 2 ' 

n(n + 3) 
(n + l) 2 (n + 2) 2 ' 

1 1 
~4(n + l) 2 (n + 2) 2 



(n + l)(n + 2) 2 
/« = -2 ' 



v n + l) 2 (n + 2) 2 ' 

1 n 2 + 3n + 4 

2 (n + l) 2 (n + 2) 2 



This finishes the determination of the harmonic tensor polynomials being nec- 
essary for the present study. In principle, the extension of the procedure to ar- 
bitrary tensors of higher order is obvious. However, the explicit computation, 
without any additional information about their general properties, will be quite 
complicated. Let us remark that, to the best of our knowledge, such quantities 
have not been considered in the mathematical literature. 

In contrast to the harmonic scalar polynomials which carry irreducible repre- 
sentations of SO(2h), the harmonic vector and tensor polynomials are not irre- 
ducible; they are only traceless. In order to obtain irreducible harmonic vector 
and tensor polynomials one has to (anti) symmetrize according to the possible 
Young patterns as we have done to construct operators with well-defined twist. 

Finally, we remark that another method exists for the construction of scalar 
harmonic polynomials which seems to be well adapted to the problem of twist de- 
composition of light-cone operators. This method uses the space of homogeneous 
polynomials of degree n on the complex cone as the carrier space for symmetric 
traceless tensors and its harmonic extensions [|14] 
frame exists for the vector and tensor case. 



However, no general theoretical 
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